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Pulsating variable stars
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known as “Cepheid Period-Luminosity relation (PLR)”
or the Leavitt Law honouring the discoverer. Ever
since, classical Cepheids have played a fundamental
role in the extragalactic distance measurements. Ed-
win Hubble used Cepheid PLR to determine reliable
distance to the M31 and discovered that Andromeda,
assumed to be a gaseous nebula at that time, is an-
other galaxy beyond our Milky Way (Hubble, 1926).
Cepheid-based distances to the galaxies as far as the
Virgo cluster allowed Hubble to discover a linear cor-
relation between the apparent distances to galaxies and
their recessional velocities (Hubble, 1929) - the more
distant the galaxy, the faster it moves away from us -
now known as the Hubble-Lemaı̂tre law, providing the
first evidence of the expanding universe. The slope of
the velocity over distance is the Hubble constant (H0),
which parameterizes the current expansion rate of the
Universe. The current H0 values in the late evolution-
ary universe are in tension with early universe measure-
ments (Riess et al., 2018a; Planck Collaboration et al.,
2018) and therefore understanding the systematics in-
volved in standard candles is critical to resolve the H0

tension, and improve the precision of cosmic distance
scale. On the other hand, RR Lyrae, which are exclu-
sively old and metal-poor stars, have been used as stel-
lar tracers of the age, metallicity, extinction and struc-
ture of our Galaxy but their use as robust distance in-
dicators gained importance more recently thanks to the
boost of near-infrared (NIR) observations over the last
two decades.

The goal of this review is to focus on recent
progress on absolute calibration of classical Cepheids,
RR Lyrae and T2Cs, and their application to the
extragalactic distance scale. I strongly emphasize
here that a short review can not fully describe all the
aspects of these classical pulsating stars as standard
candles. The interested readers are referred to the
books, for example, Catelan & Smith (2015) on pul-
sating variables and de Grijs (2011) on introduction
to the cosmic distance scale. Additionally, several
excellent reviews are also available in the literature
(Madore & Freedman, 1991; Feast, 1999; Wallerstein,
2002; Sandage & Tammann, 2006; Catelan, 2009;
Feast, 2013; Subramanian et al., 2017; Beaton et al.,
2018, and references within). McWilliam (2011)
published an excellent set of online conference review
articles on RR Lyrae stars focussed on different aspects
beyond their use as distance indicators while a recent
review of Cepheid and RR Lyrae as young and old
stellar population tracers of the Galactic structure can
be found in Matsunaga et al. (2018) and Kunder et al.
(2018), respectively. Note that while classical and
T2Cs will be discussed extensively here, Anomalous
Cepheids (see, Wallerstein, 2002; Fiorentino et al.,

Figure 1. Hertzsprung-Russell diagram displaying schematic
representation of classical pulsating variable stars. A mod-
ified version of figure taken from Jeffery & Saio (2016)
is shown. The line-shaded regions represent approximate
location of variables and the color represents approximate
spectral class mentioned on the top. The zero-age main
sequence (ZAMS) and the horizontal branch (ZAHB) are
shown with solid and dashed red lines. Cepheid instability
strip is shown with vertical black dashed lines. Dotted lines
represent evolutionary tracks of stars with different masses.
The label on the left of the ZAMS shows the stellar mass of
each track.

2006; Groenewegen & Jurkovic, 2017b; Jurkovic,
2018, and references therein) are not included in this
review.

This review is organised as follows: I describe
briefly the description of evolutionary and pulsational
scenario for classical pulsating stars in Section 2 and
their light curve variations in Section 3. The Sections 4
to 6 focus on classical Cepheids, RR Lyrae and T2Cs
as distance indicators both from the observational and
theoretical perspectives at multiple wavelengths. The
absolute scale for each standard candle and associated
systematics is also addressed. Finally, summary with
an outlook for the future will be briefly presented in
Section 7.

2. Evolutionary and Pulsational Scenario

Cepheid and RR Lyrae represent radially pulsating
class of variable stars. Classical Cepheids are young

Bhardwaj (2020)

Within and beyond the “Instability Strip” in the HR diagram

• Classical or Type I Cepheids

• Type II Cepheids

• Anomalous Cepheids

• RR Lyrae variables

• Miras
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Figure 3: Near-infrared PLZ and PWZ relations for RR Lyrae variables in GCs in JHKs bands. In each case, the
color-coded solid lines in the top panels correspond to [Fe/H]=[�0.5,�1.5,�2.5] dex. The solid line in the bottom
panels shows the best-fitting linear regression while the dashed line displays the predicted relation from Marconi et al.
(2015). The average residuals (�J, �H, �Ks) in a period bin of log(P ) = 0.02 days are shown for visualization
purposes. The data points are color-coded according to the color bar.

WJ,H = H � 1.83(J � H), WJ,Ks = K � 0.69(J �
Ks), WH,Ks = K � 1.92(H �Ks).
We simultaneously solved for individual GC distances

and derived PLZ relations for the global sample of 1310
RR Lyrae stars. In the case of RRc variables, we also
added 52 RRc models with 0.25 < P < 0.45 days (Mar-
coni et al. 2015) to the calibrator sample because there
are only 25 MW field RRc stars. These RRc models al-

lowed us to break the degeneracy between the metallicity
coe�cient and the zero-points. Table 2 lists the results
of the best-fitting linear regression formalism discussed
in Section 3. Fig. 3 displays the PLZ/PWZ relations
for the combined sample of RR Lyrae variables in GCs.
The metallicity e↵ect on RR Lyrae magnitudes is dis-
tinctly evident in the top panels showing that the metal
poor stars are brighter. Tighter PLZ/PWZ relations are
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Figure 3: Near-infrared PLZ and PWZ relations for RR Lyrae variables in GCs in JHKs bands. In each case, the
color-coded solid lines in the top panels correspond to [Fe/H]=[�0.5,�1.5,�2.5] dex. The solid line in the bottom
panels shows the best-fitting linear regression while the dashed line displays the predicted relation from Marconi et al.
(2015). The average residuals (�J, �H, �Ks) in a period bin of log(P ) = 0.02 days are shown for visualization
purposes. The data points are color-coded according to the color bar.

WJ,H = H � 1.83(J � H), WJ,Ks = K � 0.69(J �
Ks), WH,Ks = K � 1.92(H �Ks).
We simultaneously solved for individual GC distances

and derived PLZ relations for the global sample of 1310
RR Lyrae stars. In the case of RRc variables, we also
added 52 RRc models with 0.25 < P < 0.45 days (Mar-
coni et al. 2015) to the calibrator sample because there
are only 25 MW field RRc stars. These RRc models al-

lowed us to break the degeneracy between the metallicity
coe�cient and the zero-points. Table 2 lists the results
of the best-fitting linear regression formalism discussed
in Section 3. Fig. 3 displays the PLZ/PWZ relations
for the combined sample of RR Lyrae variables in GCs.
The metallicity e↵ect on RR Lyrae magnitudes is dis-
tinctly evident in the top panels showing that the metal
poor stars are brighter. Tighter PLZ/PWZ relations are

Skowron+2019

Bhardwaj+2023

Trentin+2022

Marconi+2024

The HP of classical Cepheids 4225 

MNRAS 529, 4210–4233 (2024) 

Figure 18. The G- band light curves of Cepheids within the Z1 sub-sample. The observational data points are plotted with black full symbols, while the Fourier 
model is represented by the red full line. 

Figure 19. The same as in Fig. 18 but for the Z2 sub-sample. 
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scan parallaxes discussed in Section 4.1. These are all given in
Table 4.

4.8. SN Magnitudes

We adopt standardized SN Ia magnitudes mB
0 from the

Pantheon+ analysis (Scolnic et al. 2021; Brout et al. 2021),
where the value mB i,

0 is a measure of the maximum-light
apparent B-band brightness of an SN Ia in the ith host at the
time of B-band peak, corrected to the fiducial color and
luminosity determined for each SN Ia from its multiband light
curves and a light-curve-fitting algorithm. We use the
uncertainties and covariance of mB

0 as given by the Pantheon+
analysis. The SN Ia covariance matrix has substantial off-
diagonal terms and is displayed in Figure 11. An improvement

in the current analysis of calibrator SNe Ia over R16 is our use
of multiple SN light-curve data sets for most calibrators, 77 sets
in all for 42 SNe Ia, a mean of ∼2 independent sets per SN,
reducing measurement errors (not intrinsic scatter, which is
covariant among multiple samples of the same SN) by a mean
factor of 1.4. These data sets are given in Scolnic et al. (2021).

5. The Local Value of H0, the Baseline

Our calibrator sample contains 42 SNe Ia in the 37 Cepheid
hosts presented in the previous section and 277 SNe Ia in the
Hubble flow, all the objects at 0.0233< z< 0.15 from the
Pantheon+ sample that pass the same quality cuts and are in
late-type hosts like the Cepheid calibrators. Criteria for

Figure 12. Complete distance ladder. The simultaneous agreement of distance pairs: geometric and Cepheid-based (lower left), Cepheid- and SN-based (middle), and
SN- and redshift-based (top right) provides the measurement of H0. For each step, geometric or calibrated distances on the abscissa serve to calibrate a relative distance
indicator on the ordinate through the determination of MB or H0. Results shown are an approximation to the global fit as discussed in the text. Red SN points are at
0.0233 < z < 0.15, with the lower-redshift bound producing the appearance of asymmetric residuals when plotted against distance.

21

The Astrophysical Journal Letters, 934:L7 (52pp), 2022 July 20 Riess et al.

Early
Universe 
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Local determination of the 
Hubble constant
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Fig. 2. Number of known variable stars as a function of time. The last datapoint (in red) corresponds to the
estimated number by the end of the main Rubin/LSST survey (LSST Science Collaboration et al. 2009).

general purpose, like it has already been done
in the Gaia catalogue.” (Samus et al. 2021a)

5.3. Calibration and Standardization

The study of variable stars and transients can
greatly benefit from both new and historical
photometric data (§2). In the visual, newer
data are collected increasingly more often in
the SDSS or similar systems, whereas the
Johnson-Kron-Cousins system prevailed until
recently. Even older data will be in some vi-

sual or photographic system (if any). Putting
together data from such heterogeneous sources
can constitute a very serious challenge.

Johnson (1952) pointed out early on that
“transformations between di↵erent color or
magnitude systems are, in general, nonlinear.”
Johnson (1963) also noted that the widely used
blue/yellow systems (Landolt 2016) could not
be reliably defined “by visual and photo-
graphic means... because of di�culties with the
calibration and standardization of visual and
photographic receivers.” He advocated for the

Catelan+2023

Variable star numbers

Now and with LSST…

PROSPECTS FOR RUBIN/LSST

� Yuan (PhD Thesis): extension of  Gaussian Process 
periodogram to griz, tested on simulated light curves

� Expect 105 Miras in ~200 galaxies out to D~15 Mpc

� Expect ≳ 70 galaxies with ≳ 100 MirasPROSPECTS FOR RUBIN/LSST

� Yuan (PhD Thesis): extension of  Gaussian Process 
periodogram to griz, tested on simulated light curves

� Expect 105 Miras in ~200 galaxies out to D~15 Mpc

� Expect ≳ 70 galaxies with ≳ 100 Miras

~105 Miras in ~200 
galaxies out to 15 Mpc

Credit: L. Macri

Yuan+2017

Miras with LSST
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Fig. 2. Number of known variable stars as a function of time. The last datapoint (in red) corresponds to the
estimated number by the end of the main Rubin/LSST survey (LSST Science Collaboration et al. 2009).

general purpose, like it has already been done
in the Gaia catalogue.” (Samus et al. 2021a)

5.3. Calibration and Standardization

The study of variable stars and transients can
greatly benefit from both new and historical
photometric data (§2). In the visual, newer
data are collected increasingly more often in
the SDSS or similar systems, whereas the
Johnson-Kron-Cousins system prevailed until
recently. Even older data will be in some vi-

sual or photographic system (if any). Putting
together data from such heterogeneous sources
can constitute a very serious challenge.

Johnson (1952) pointed out early on that
“transformations between di↵erent color or
magnitude systems are, in general, nonlinear.”
Johnson (1963) also noted that the widely used
blue/yellow systems (Landolt 2016) could not
be reliably defined “by visual and photo-
graphic means... because of di�culties with the
calibration and standardization of visual and
photographic receivers.” He advocated for the
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Fig. 4. Pie chart of the main causes of variability from the clas-
sification output. The groups are formed by the following types:
AGN, Rotation (ACV/. . . /SXARI, ELL, RS, SOLAR_LIKE), Erup-
tive/Cataclysmic (BE/. . . /WR, CV, RCB, SN), Pulsation (ACYG,
BCEP, CEP, DSCT/GDOR/SXPHE, LPV, RR, SDB, SPB, WD), Eclips-
ing systems (ECL, EP), Other (MICROLENSING, S, SYST, YSO).

3.4. Specific Objects Studies

The DR3 release o↵ers a significant expansion on types of vari-
ability compared to DR2, increasing the number of SOS tables
from 5 to 11. Below we summarise the di↵erent SOS tables.

3.4.1. Active Galactic Nuclei

Being magnitude-limited to about G = 20.7 mag, Gaia is not
only observing stars but also extragalactic sources such as AGN.
AGN are known to be variable, and these can be selected and
identified by the supervised DR3 general classification (Rimol-
dini et al. 2022a). For the AGN specific studies (for details
Carnerero et al. 2022), there are two origins in the Gaia DR3
vari_agn table: (1) a cleaned list from the classifiers and subse-
quent filters, and (2) peculiar sources that did not pass filtering,
but were considered of high interest, including known blazars
and lensed AGN.

The goal of this work was to select a high-purity sample
utilising variability properties, including the structure function
(Simonetti et al. 1985) and the variability metrics by Butler &
Bloom (2011), and further properties, like colours, astrometric
parameters, and environment. In addition, as a demonstration,
Carnerero et al. (2022) estimated the time lag between the pho-
tometric time series of the multiple images of a lensed AGN. The
Gaia sampling is often sparse; however, Gaia time series could
be systematically used from surveys of lensed quasars to com-
plement their data.

The table vari_agn presents 872 228 AGN candidates with
more than 21 000 new identifications.

3.4.2. Cepheids and RR Lyrae stars

The Cepheids and RR Lyrae stars were present already in the first
two Gaia Data Releases. At each release, updates to the pipeline
and its output were done for RR Lyrae stars (vari_rr_lyrae,
see Clementini et al. 2022), and Cepheids (vari_cepheid, see
Ripepi et al. 2022). From the Fourier decomposition, astrophys-
ical parameters of importance such as the metallicity could be
derived.

The RR Lyrae star catalogue nearly doubles the one from
Gaia DR2. It is the largest catalogue over the whole sky with
270 905 entries, reaching the very faint limit of Gaia with the
mean G mag of 21.14.

The Cepheid sample is reaching 15 0064 with 5221, 4663,
4616, 321 and 185 in the Large Magellanic Cloud (LMC),
the Small Magellanic Cloud (SMC), M31, M33, and field
stars/small Milky Way satellites. From the literature, several re-
classifications were done into the Cepheid class, amounting to
327 objects, and 474 Cepheid candidates were not reported in
the literature.

In addition, RV time series for 1898 sources are included.
To demonstrate the beautiful Gaia data set with G, GBP, GRP

and RV measurements, an Image of the Week was published pre-
senting the Hertzsprung progression. 5

3.4.3. Compact companions

Gaia is an e�cient detector for binaries with three observables
(astrometry, photometry, spectroscopy). The variability pipeline
also aimed to detect binaries with a compact companion, i.e., a
black hole, a neutron star or a white dwarf. The approach used
was to select ellipsoidal variability which could be caused by
a compact object. Gomel et al. (2021) showed that the identi-
fication could be achieved by a method based on modified ro-
bust minimum mass ratio (mMMR) that can be derived directly
from the ellipsoidal amplitude without knowledge of the primary
radius or mass. The nature of the compact companion depends
then on the estimated minimum mass of the secondary. The ap-
proach is conservative since the mMMR is always much smaller
than the actual mass ratio in the binary, therefore candidates with
large mMMR have a high probability to contain a compact com-
panion.

Candidates for binary ellipsoidals with compact compan-
ions are studied in vari_compact_companion, see Gomel et
al. (2022). Out of more than 6000 candidates, 262 have mMMR
larger than unity, with larger probability of bearing a compact
companion. These should be studied with radial velocities for
necessary confirmation.

3.4.4. Eclipsing binaries

Another addition in DR3 is the SOS output for eclipsing binaries
in vari_eclipsing_binary, see Mowlavi et al. (2022). This is
the first Gaia catalogue of eclipsing binaries, containing over two
million candidates. The geometry of the G-band light curves is
modelled with a combination of Gaussian functions to approx-
imate the eclipses and a sine function to model any ellipsoidal
variability due to deformation of one or both components in the
binary (Mowlavi et al. 2017). The parameters of the geometri-
cal models are published in the catalogue, and an analysis of the

4 Few star classification were corrected since the publication of the
archive table. The latter table gives 15,021 Cepheids
5 https://www.cosmos.esa.int/web/gaia/iow_20220527.
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Fig. 2. Number of known variable stars as a function of time. The last datapoint (in red) corresponds to the
estimated number by the end of the main Rubin/LSST survey (LSST Science Collaboration et al. 2009).

general purpose, like it has already been done
in the Gaia catalogue.” (Samus et al. 2021a)

5.3. Calibration and Standardization

The study of variable stars and transients can
greatly benefit from both new and historical
photometric data (§2). In the visual, newer
data are collected increasingly more often in
the SDSS or similar systems, whereas the
Johnson-Kron-Cousins system prevailed until
recently. Even older data will be in some vi-

sual or photographic system (if any). Putting
together data from such heterogeneous sources
can constitute a very serious challenge.

Johnson (1952) pointed out early on that
“transformations between di↵erent color or
magnitude systems are, in general, nonlinear.”
Johnson (1963) also noted that the widely used
blue/yellow systems (Landolt 2016) could not
be reliably defined “by visual and photo-
graphic means... because of di�culties with the
calibration and standardization of visual and
photographic receivers.” He advocated for the

Catelan+2023
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L. Eyer et al.: Gaia Data Release 3. Summary of the variability processing and analysis

Fig. 6. Overlap between the variability types from di↵erent SOS tables.

outlying values, or some might present biases under certain con-
ditions. Here we show a di↵erence in the archive tables for the
sample mean, one of the most basic statistical quantities.

We are comparing the value phot_g_mean_mag of the ta-
ble gaia_source and the value mean_mag_g_fov of the table
vari_summary. The first value is computed as a weighted mean
on the CCD fluxes and then converted into magnitude, while the
second is computed as a mean on the FoV magnitudes (without
a weighting procedure).

Di↵erences are expected as the means are computed for the
first case before a logarithmic transformation and in the second
case after. Another source of possible di↵erences is that the data
sets that have been included in computing the estimated value
may not be strictly similar because some observations might
have been rejected (e.g., see Sect. 3.1).

Here we want to point out another di↵erence. The weighting
procedure may bias the results when the signal is highly variable.
This bias emerges because the uncertainty is correlated with the
value and therefore is skewing the result (Lecoeur-Taibi & Eyer
2016). We use large-amplitude variables such as long-period
variables, Cepheids, RR Lyrae stars, and eclipsing binaries to
demonstrate this. In Fig. 8, we plot the di↵erence (weighted-
unweighted) of the means as a function of the unweighted mean.
The flux-weighted means provide fainter values in general than
the unweighted, the larger the amplitude, the larger the bias is.
Details will be presented in a separate article (Eyer et al. 2022).
This section serves as a warning and a demonstration that ex-
treme care should be taken even with simple statistics.

5. Completeness and contamination

Given the large amount and variety of classes of variable stars,
when classifying them, it is important to provide estimates of
completeness and contamination9. We give these estimates in
Table 6 for the SOS tables. For the completeness and contam-
ination estimates of the variability types from the classifiers, we
refer to the article dedicated to the classification Rimoldini et al.
(2022a). We remark that these estimates depend strongly on the
variability type. For some variability types, we did not determine
these estimates either because the current knowledge is too shal-
low (compact companions) or because the variability class is too
broad (short timescale variability, main sequence oscillators).

6. HR diagrams of variable stars

Here we show the position of variable stars in Hertzsprung-
Russell (HR)/colour-magnitude diagrams for di↵erent stellar
systems: the LMC, the SMC (cf. Figs. A.2 and 10). For di↵er-
ent types of variable stars in our Galaxy, the HR diagrams can
be found in Rimoldini et al. (2022a), As these systems have dif-
ferent chemical compositions, ages and formation history, their
variable star content is di↵erent. Furthermore, the observational
constraints are di↵erent, and as a consequence, the possible con-
taminations are also di↵erent. For the SMC and LMC, we as-
sume that they are at a fixed distance, and we do not correct any
depth e↵ect so that plotting the apparent magnitude is directly

9 In some of the DR3 articles, the term purity (1�contamination) is
sometimes preferred
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Fig. 9. The classification based on R21 obtained from the FD
method. L and S denote the LMC and SMC objects respectively.

between the FO Cepheids and RRc stars. This degeneracy in the
Fourier parameter R21 in the short period range cannot be lifted
and the classification accuracy cannot be improved by further
manipulation.

We carry out the PCA on a 17606×100 matrix of 17,606
stars, each star having 100 values of magnitudes in their light
curves. We have used the first principal component (PC1) as it
contains the maximum variance in this data set. As in the case
of FD, the PCA is able to separate the Mira variables and the
Eclipsing binaries and the separation is more effective in the
case of PCA (Fig. 11). The plot of PC1-log P space also shows
that although PC1 is able to separate the Eclipsing binaries and
Mira variables, there is some overlap in the regions dominated
by RR Lyraes and Cepheids. In the next step, we choose only
the samples of RR Lyraes (RRab & RRc) and Cepheids (FU &
FO) that could not be separated well by the use of PCA on the
whole data set. We now run PCA on 10,643 light curves (Data
set IA+IB+IIA+IIB+IIC+III) of RR Lyraes and Cepheids. The
result of PCA on this 10643×100 array is shown in Fig. 12.
It may be noted that PC1 is able to separate FU Cepheids and
RRab stars to a large extent while there is some overlap between
RRc and FO Cepheids in a narrow period range (0.25-0.5 d). We
hope to return to this degeneracy problem in a subsequent study
in which we also intend to increase the sample by adding more
classes of variables.

5. Conclusions
Fourier decomposition is a trusted and much applied technique
for analyzing the behaviour of light curves of periodic variable
stars. It is well suited for studying individual light curves as the
Fourier parameters can be easily determined. However, when
the purpose is to tag a large number of stars for their variable
class using photometric data from large surveys, the technique
becomes slow and cumbersome and each light curve has to be
fitted individually and then analyzed. The same is true if the aim

Fig. 10. The classification based on logR21 obtained from the FD
method.

Fig. 11. The classification based on PC1 obtained from PCA of
100 interpolated magnitudes for the phase from 0 to 1 in steps of
0.01.

is to look for resonances in the light curves in an automated way
for a large class of pulsators. It is, therefore, desirable to look for
methods that are reliable, automated and unsupervised and can
be applied to the available light curve data directly.

Some attempts have been made in the recent past to use the
well known PCA for the light curve analysis, but the major draw-
back of these studies was that they required the calculation of the
Fourier parameters which then went as input to the PCA. This
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Light curves of periodic variables
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Figure 3. Top panels: The representative light curves of classical Cepheids, RR Lyrae and T2Cs in the LMC in I-band taken
from the OGLE survey (Soszyński et al., 2015, 2016, 2018). The OGLE ID, subtype and periods are also listed on the top
of each panel. Bottom panles: The I-band Fourier amplitude (R21) and phase parameters (φ21) for classical pulsating stars
plotted as a function of logarithm of pulsation period (P).

odic light curves in the following form:

m = m0 +

N
∑

k=1

Ak sin(2πkx + φk), (5)

where, m is the magnitude as a function of the pulsation
phase (x). The Fourier-fit results in a mean-magnitude
(m0) and amplitude (Ak) and phase (φk) coefficients
which are used to construct Fourier amplitude ratios
and phase differences: Rk1 =

Ak

A1
; φk1 = φk−iφ1, for k >

1 (Bhardwaj et al., 2015). Fourier analysis of classical
Cepheid, RR Lyrae, and T2C light curves were first
carried out by Simon & Lee (1981), Simon & Teays
(1982) and Petersen & Diethelm (1986), respec-

tively. A comparison of the observed light and
velocity curves of classical Cepheids with theoret-
ical models was followed in a number of stud-
ies (Simon & Davis, 1983; Simon & Moffett, 1985;
Stellingwerf & Donohoe, 1986). The phase lag ob-
tained from Fourier decomposition of light curves was
found to be the most useful parameter for compari-
son with observations. Later, Jurcsik & Kovacs (1996)
derived an empirical relation between period, Fourier
phase parameter (φ31), and metallicity for fundamental
mode RR Lyrae variables, which is used extensively in
deriving photometric metallicities of the statistical sam-
ples of RR Lyrae with well-sampled light curves (for
example, Pietrukowicz et al., 2015). Fourier analysis of
Cepheid and RR Lyrae have also been used for the clas-
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Table 2. Variability Features.

Feature Description Estimated by LC Reference

Period Photometric period determined by the Lomb-Scargle Y

perioddogram

Parallax Photometric parallax provided by GaiaDR3 Gaia Collaboration et al. (2019)

Error Parallax uncertainty provided by Gaia DR3 Gaia Collaboration et al. (2019)

(BP � RP )0 (GBP �GRP )0, dereddened color determined based on

Gaia DR3

MWG G-band (330 nm to 1050 nm) absolute Wesenheit

magnitudes determined based on Gaia DR3

Amp. Normalized peak-to-peak amplitude determined from Y

the eighth-order Fourier fitting of the LCs

�2 Kurtosis =
1
n

Pn
i=1(xi�x̄)4

( 1
n

Pn
i=1(xi�x̄)2)2

� 3 Y Kim et al. (2014)

�1 Skewness =
1
n

Pn
i=1(xi�x̄)3

( 1
n

Pn
i=1(xi�x̄)2)3

/2 Y Kim et al. (2014)

Q31 The normalized di↵erence betweeen 3rd quartile (75%) Y Kim et al. (2014)

and 1st quartile (25%) in LCs

W Shapiro-Wilk normality test statistics Y Kim & Bailer-Jones (2016)

K Stetson K index, calculated using LCs Y Stetson (1996)

Std The normalized weighted standard deviation of the LCs Y

R21 a2/a1, 2nd to 1st amplitude ratio obtained from Y

the eighth-order Fourier fitting

R31 a3/a1, 3rd to 1st amplitude ratio obtained from Y

the eighth-order Fourier fitting

�21 �2 � 2�1, the phase di↵erence between 2nd to 1st phase Y

obtained from the eighth-order Fourier fitting

�31 �3 � 3�1, the phase di↵erence between 3rd to 1st phase Y

obtained from the eighth-order Fourier fitting

W1 �W3 W1 �W3 color determined based on WISE

W1 �W4 W1 �W4 color determined based on WISE

MW1 The absolute W1-band Wesenheit magnitude

In order to classify periodic variable stars, commonly used features include the period, physical parameters, shape
parameters and statistical parameters of the LC. Initially, we considered 27 parameters and we carefully analyzed the
importance and independence of each parameter, and finally retained 19 physical parameters with high importance. A
description of these parameters is listed in Table 2. We also indicated in Table 2 which parameters were estimated by
the LC. We checked the distribution of each parameter to ensure the validity of the features, for example, we converted
�21 from �2⇡ ⇠ 4⇡ to between ⇡ and 3⇡.
Physical parameters include Gaia parallaxes, parallax uncertainties, (BP �RP )0 and absolute Wesenheit magnitudes,

and the relevant data were obtained by performing a 1-arcsec crossmatch to Gaia DR3 (Gaia Collaboration et al. 2022,
2023). About 1% of objects are contaminated by other sources within 1 arcsec. Although we determined uniqueness by
the help of TIC catalog, whether the Gaia parameters are a↵ected by the contamination requires further examination
based on the needs of the research. The intrinsic color was estimated by (BP �RP )0 = GBP �GRP �E(BP �RP ) and
E(BP �RP ) was determined by the extinction value AG and the extinction law AG/E(BP �RP ) = 1.89 from (Wang
& Chen 2019). The absolute Wesenheit magnitudes were determined by G � 1.89 ⇥ E(BP � RP ) � 5 log(100 ⇥ D).
D stands for distance (kpc) and is the inverse of the corrected Gaia parallaxes. The use of Wesenheit magnitude can
avoid the extinction in the Galactic plane on the analysis of color–magnitude diagram and period–luminosity diagram.
We also obtained W1 � W3, W1 � W4, and MW1 from WISE (Wright et al. 2010), which are parameters that can
distinguish variable stars with circumstellar disks. Q31 and Amp. are parameters that show the variation amplitude

Random-Forest classifier — Light curve features
TESS (Gao+2024)

ALeRCE (Sánchez-Sáez+2021)
OGLE (Kim & Bailer-Jones+2016)

D.-W. Kim et al.: Automated Classification Pipeline for Periodic Variable Stars

Fig. 3. Confusion matrix of the subclass model. Each cell shows the fraction of objects of that true class (rows) assigned to the
predicted classes (columns) on a gray scale. Thus the values on the leading diagonal are the recall rate (equation 8). We show the
number only if it is larger than or equal to 0.01. See Table 4 for the numerical values of the recall and precision for each class.

Table 8. Number of objects per true class in the LINEAR
dataset

Superclass Subclass Number

DSCT 104
RRL

ab 2415
c 740

EB 1965

LPV 55

Total 5279

the data actually inform about the class. As expected, the
precision and recall of both random classifiers are always
considerably lower than that achieved by UPSILoN.

3.2. LINEAR

The light curves and catalog of LINEAR periodic variables
are from Palaversa et al. (2013). We selected sources with

the classification uncertainty flags of 1 and excluded others
on the ground that their class assignment was ambiguous.
The total number of sources after the selection is 5279 (Ta-
ble 8). The number of data points of each light curve lies
between 100 and 600, although most of the light curves
have fewer than 300 data points. The duration of the light
curves is about 5 years and the faintest magnitude among
these periodic variables is r ∼ 17.

The left panel of Table 9 shows the UPSILoN classifica-
tion performance. All classes except DSCT are successfully
classified by UPSILoN. The low precision for DSCT occurs
because 199 of the 1965 EBs were misclassified as DSCT,
of which there are only 104 true ones. The reason for this is
because 96% of the estimated periods of the LINEAR EBs
are shorter than 0.25 days (Fig. 5), which is associated with
the problem that the Lomb-Scargle algorithm typically re-
turns half of the true period for EB-type variables in which
the shapes of the primary and secondary eclipses are simi-
lar (see Graham et al. 2013 and references therein). Conse-
quently, almost all of the LINEAR EB periods are within
the period range for the DSCTs in the training set (i.e., ≤
0.25 days), which could cause the misclassification. Despite

Article number, page 7 of 16
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Fig. 1 | Diagram of an RNN encoder–decoder architecture for irregularly sampled time series data. This network uses two RNN layers (specifically, 
bidirectional gated recurrent units28,29) of size 64 for encoding and two for decoding, with a feature embedding size of 8. The encoder takes as inputs the 
measurement values as well as the sampling times (more specifically, the differences between sampling times). The sequence is processed by a hidden 
recurrent layer to produce a new sequence, which can then be used as the input to another hidden recurrent layer, and so on. The fixed-length embedding 
is constructed by passing the output of the last recurrent layer into a single fully connected layer with linear activation function and the desired output 
size. The decoder first repeats the fixed-length embedding nT times, where nT is the length of the desired output sequence, and then appends the sampling 
time differences to the corresponding elements of the resulting vector sequence. The sampling times are passed to both the encoder and decoder; the 
feature vector characterizes the functional form of the signal, but the sampling times are needed to determine the points at which that function should be 
evaluated. The remainder of the decoder network is another series of recurrent layers, with a final linear layer to generate the output sequence. We also 
apply 25% dropout30 between recurrent layers, which we omit from the figure for simplicity. In our model, we take the number and size of recurrent layers 
in the encoder and decoder modules to be equal, but in general the two components are entirely distinct and need not share any architectural similarities.
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Fig. 2 | Example autoencoder reconstructions of ASAS light curves from 64-dimensional feature representation. a–d, Twenty-fifth and seventy-fifth 
percentile error reconstructions are shown for raw, unfolded light curves (a and b) and period-folded light curves (c and d). The ∼ V-band magnitudes  
are in the Vega system.
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other classification methods17. The second set of features consists 
of those used by Kim and Bailer-Jones18 (henceforth referred to as 
‘Kim and Bailer-Jones features’) and implemented in the UPSILoN 
package. Some features are shared between the two and each set of 
features is an aggregation of features from many different works. 
In both cases, we use the same hyperparameter selection technique 
described in Fig. 3.

The Richards et al. features achieve the best average validation 
accuracy at 99.4% across the same five splits, as shown in Table 1. 
However, it is worth noting that the same features were also used 
in the labelling of the training set9, so it is not surprising that they 
achieve almost perfect classification accuracy for this problem. The 
Kim and Bailer-Jones features, which may provide a more natural 
baseline, achieve 98.8% validation accuracy, comparable to that of 
the autoencoder model.

Our second example applies the same feature extraction meth-
odology to variable star light curves from the LIncoln Near-Earth 
Asteroid Research (LINEAR) survey19,20. The LINEAR dataset con-
sists of 5,204 labelled light curves from five classes of variable star 
(see Methods for details). Unlike in the ASAS example above, here 
all the available light curves are labelled, so there are no additional 
unlabelled data to leverage to improve the quality of the extracted 
features. We find that the autoencoder features outperform the 
Richards et al. features by 0.38% and the Kim and Bailer-Jones fea-
tures by 1.61% (see Table 1). In particular, the autoencoder-based 
model correctly classifies all but one RR Lyrae, suggesting that 
perhaps some autoencoder features could help improve the perfor-
mance of the Richards et al. or Kim and Bailer-Jones features for 
that specific discrimination task.

Finally, we followed the same procedure to train an autoencoder 
and, subsequently, a random forest classifier to predict the classes 
of 21,474 variable stars from the MAssive Compact Halo Object 
(MACHO) catalogue21. Once again, our autoencoder approach 
achieves the best validation accuracy of the three methods con-
sidered, averaging 93.6% compared with 90.5% and 89.0% for the 
Richards et al. and Kim and Bailer-Jones feature sets, respectively.

As shown, training an autoencoder RNN to represent time series 
sequences can produce informative high-level feature representa-
tions in an unsupervised setting. Rather than require fixed-length 
time series, our approach naturally accommodates variable length 
inputs. Other unsupervised techniques for feature extraction on 
irregular time-series data have also been developed (for example, 
clustering methods22), but these scale quadradically in the num-
ber of training examples, whereas our approach scales linearly. 
Moreover, our approach explicitly accounts for measurement noise. 

The resulting features are shown to be comparable or better for 
supervised classification tasks than traditional hand-coded features. 
As new sources accumulate without known labels, the unsuper-
vised and on-line nature of such networks should ensure continued 
model improvements in a way not possible with a fixed number of 
features. When metadata are also available (for example, colour and 
sky position for astronomical variables), features derived from such 
non-temporal data can be easily used in conjunction with the auto-
encoded features of the time series.

While the autoencoder approach we have described is well-
suited to tasks involving a relatively large amount of (labelled or 
unlabelled) data, future research should study the efficacy of trans-
fer learning, where feature representations learned from a very 
large dataset are applied to another problem where fewer examples 
are available. Another promising application is unsupervised data 
exploration, such as clustering; autoencoding features could be used 
as a generic lower-dimensional representation like t-distributed 
Stochastic Neighbour Embedding (t-SNE23) to identify outliers 
or anomalies in new data. Autoencoders could also act as non- 
parametric interpolators tuned to the domain on which the models 
are trained. Finally, while we have focused on single-channel time 
series, the proposed network is easily extensible to multi-channel 
time series data as well as multi-dimensional time series, such as 
unevenly sampled sequential imaging.
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Fig. 3 | Confusion matrices for autoencoder-feature random forest classifiers for labelled variable star light curves for each survey. a, ASAS. b, LINEAR. 
c, MACHO. Values along the diagonals are counts of correctly classified light curves and off-diagonal values correspond to incorrect classifications (darker 
squares correspond to higher counts). LPV, long-period variable.

Table 1 | Validation accuracies (mean ±  standard deviation 
across five stratified cross-validation splits) for the 
autoencoder, Richards et al. and Kim and Bailer-Jones feature 
random forests

Dataset

Method ASAS LINEAR MACHO

Autoencoder 98.77 ±  0.39% 97.10 ± 0.60% 93.59 ± 0.15%

Richards et al. 99.42 ± 0.27% 96.72 ±  0.67% 90.50 ±  0.22%

(+ 0.66 ±  0.49%) (− 0.37 ±  0.45%) (− 2.74 ±  0.16%)

Kim and 
Bailer-Jones

98.83 ±  0.33% 95.49 ±  0.83% 88.98 ±  0.19%

(+ 0.06 ±  0.32%) (− 1.60 ±  0.59%) (− 4.60 ±  0.16%)

Note that the training labels for the ASAS data were identified in part using the Richards et al. 
features. In parentheses are the mean and s.d. of the differences in accuracy; a negative value 
means the autoencoder performed better over the cross-validation folds. Bold text shows the best 
result for each dataset.
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Figure 2. GRU cell diagram. The arrows represent the data flow. The
labelled quantities are the same as in equations (1)–(5).

Figure 3. Stacked recurrent architecture. Each cell transmits its output
hidden state to the next recurrent layer and to the next time-step.

which controls at what degree the proposed and the past hidden
state will be combined, as an element-wise linear interpolation:

ht = (1 − zt) " ht-1 + zt " h̃t. (5)

To increase representation complexity and generalization poten-
tial, additional recurrent layers can be stacked (Pascanu et al. 2014).
The second layer generates another sequence of hidden states, and
instead of using the sequence elements as inputs, it uses the hidden
states of the previous recurrent layer as inputs. This is shown in
Fig. 3.

At the end of T steps, the value of hT will act as a representation
of the entire time series. It is similar to a feature extraction
method which takes an unstructured data set and projects it into
a fixed-length vector. This vector is the input of the next stage of
the network, where it is transformed via fully connected layers,
which combine the information to produce a more informative
representation.

In a classification task, the result of the fully connected layers
must be projected to a vector whose dimension is the desired number
of classes K. This projection needs to be transformed again, as
it contains negative values and is not normalized. The softmax
function is used in this scenario, shown in equation (6). It takes a
K-dimensional vector and transforms each of its k components to
values between 0 and 1, which add up to 1:

σ ( y)k = eyk

∑K
j=1 eyj

. (6)

The output for an object can be interpreted as the probabilities
of belonging to each class. Additionally, it is used to evaluate the
cross-entropy, the classification loss function. This function takes
the softmax output as input and compares it to the ground truth,
which is expressed as a one-hot vector. This encoding creates a
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Figure 4. Pre-processing visualization for a Mira variable from OGLE-III.
The x-axis shows the logarithm of the time differences, given in units of
Modified Julian Days. Since Miras are periodic, the mean " magnitude is
centered at 0. The observed pattern in the time axis is a footprint of the
survey cadence. The red stars correspond to observations of a single sliding
window, which are spread all over the graph, exemplifying the random
sampling of the light curves.

vector of length K which sets to 1 the position corresponding to the
class and 0 elsewhere. The cross-entropy can be written as:

H (p, q) = −
∑

k

p(k) log q(k), (7)

where p are the ground truth values, and q the result of the softmax
layer. This expression is differentiable, which makes it useful in a
backpropagation training scheme.

3 M E T H O D

In this section, we explain the method used to pre-process the
data and train our algorithm. Our main objective is to reduce the
computational cost of the pre-processing stage, either for update a
light curve with new observations or process a new light curve.

3.1 Pre-processing

Single-band light curves contain time as Modified Julian Date,
magnitude, and the uncertainty associated with each measurement.
Different objects have a different number of observations. Magni-
tudes depend not only on the intrinsic brightness of the object but
also on the distance and the extinction. On top of that, different
sources of noise such as weather, sky brightness, and crowding can
render observations useless or prevent them at all.

Comparing observations among different light curves is infeasi-
ble, as each object is measured at different times. A pre-processing
step is done to make the information comparable. Feature-based
methods usually pre-process each light curve by computing a series
of descriptors and metrics derived from the time series and their
metadata. If new observations are obtained, some features usually
must be recomputed to update them.

In our approach, we sort the light curve by time and compute the
difference with previous measurements both in time and magnitude.
It is worth to notice that generally the data are already sorted in time.
In a real-time classification scheme, the data will arrive in temporal
order so that no sorting will be required.

The differences utilize vector operations, requiring little com-
putational overhead. For periodic objects, this process scales the
magnitude around 0. It is similar to subtracting the mean and helps
the convergence of the network while maintaining the variability
information, as shown in Fig. 4. The process is illustrated in
equation (8). The first row is always eliminated since its difference
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Figure 5. Sliding window sampling for a Mira variable from the OGLE-III
data set. In this visualization, the window size w is 30 points and the stride
s is 25 points. Each row of the matrix represents the information obtained
from each rectangle in the light curve, in sequential order. The time interval
which each rectangle covers varies as a consequence of the non-uniform
cadence. The first point, marked with a cross, is always dropped.

cannot be computed, as no previous observations are available:




t1 m1

t2 m2

t3 m3
...

...
tN mN




−





0 0
t1 m1

t2 m2
...

...
tN-1 mN-1




→





t1 m1

!t2 !m2

!t3 !m3
...

...
!tN !mN




=





!t2 !m2

!t3 !m3
...

...
!tN !mN




. (8)

We experiment using time and magnitude differences explicitly
as inputs (scenario A), and using just the magnitude differences
(scenario B), without explicitly using the time, but preserving the
temporal order of the magnitude differences.

Each row i of the resulting matrix is given by the following
equations for scenarios A or B, respectively:

xA
i = [!ti , !mi], (9)

xB
i = [!mi]. (10)

In our experimental set-up, including one observation at each
step is detrimental since light curves can have hundreds of observa-
tions. It can hurt performance and convergence, as such long-term
dependencies cannot be handled even for a GRU.

Instead, we employ a sliding window sampling scheme as
done by multiple works (Krizhevsky, Sutskever & Hinton 2012;
Valenzuela & Pichara 2018) to handle long sequences, grouping
observations, as seen in Fig. 5.

We concatenate the first w rows of the matrix in equation (8) into
a single vector. Then we skip s rows and take another w rows. The
window w and the stride s are chosen to obtain a good classification
and to control the number of rows in the matrix representation.

The number M of vectors created following the procedure is
expressed as

M =
⌊

L − w + s

s

⌋
, (11)

where L is the length of a light curve. We drop the last observations
that cannot complete a row, as the network cannot process them.

For every object, each of these vectors is stacked row wise. The
resulting matrix size is M × 2w for scenario A and M × w for
scenario B.

Each row of the matrix representation, as shown in Fig. 5, will
be used to feed one step in the recurrent portion of the network.

This pre-processing helps to control the number of recurrent
steps that need to be computed, limiting the effect of the vanishing

Figure 6. Proposed model. Each cell consist of two GRU cells.

gradient problem. Moreover, it enables us to train the network while
repeating part of the previous information at each time-step, which
helps to improve the learning.

The main difference with the pre-processing step of Mahabal
et al. (2017) is that we only compute the difference with the previous
observation, and represent the light curve as a matrix. It enables our
method to update the representations with a reduced computational
cost.

For the OGLE-III data set, we employ a window size of 50 and a
stride of 25. For the other surveys, we use a window size of 4 and a
stride of 2.

In all experiments, we discard objects with M larger than 80. We
do not trim or sub-sample the light curves, as we cannot assume a
priori which points in the light curve are more informative than
others. The impact of removing them from the training sets is
negligible since these light curves are few and are not representative
of the data.

3.2 Model

Our model is designed to be scalable to new observations of an
object. In this way, the model needs w new observations to update
the hidden state and perform classification, not the entire light curve.
For our purposes, the propagation of information is only forward
instead of bidirectional (Schuster & Paliwal 1997); otherwise, the
network would need the entire light curve to update the hidden state.
A unidirectional RNN can hurt performance but enable us to adapt
our model to work in streaming scenarios, where new observations
are added constantly, avoiding the re-computation as required in the
case of traditional features.

We use two recurrent layers to increase complexity and overall
generalization of the learned parameters. For each matrix represen-
tation, we feed one row at each cell, as described in Section 2.

We apply fully connected layers to increase the complexity of the
representation extracted by the recurrent portion of the network and
to project the final layer to the number of subclasses used. We apply
dropout (Srivastava et al. 2014) to these layers with a probability of
0.4 to avoid overfitting.

Finally, we apply a softmax layer. We consider each subclass as
independent, letting the network learn without any imposed bias.
We use the Adam optimizer (Kingma & Ba 2014) a version of
the Stochastic Gradient Descent (SGD) algorithm, which proves
adequate for our objective.

A diagram of the proposed model is presented in Fig. 6. Our
model differs from Naul et al. (2018), as they use an encoder–
decoder to extract features and an RF to perform classification.
Contrary to our model, their encoder uses a bidirectional RNN.
This means that, in order to extract features of a light curve with
new observations, the model needs to analyse the entire light curve
again. To explore massive catalogues which are continuously being
updated, redoing the analysis can become infeasible in the long run.
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to environmental factors such as metallicity. Nonetheless, we
aggregated different fields to create a generalized sample for our
model.

We used the phase and the magnitude of the stars to represent
the LC using a two-dimensional histogram of size 32⇥ 32. In
this histogram, 32 bins ranging from 0 to 1 are allocated for the
phase, and another 32 bins cover the range from the minimum
to the maximum magnitude of each star. We then normalized
the histogram to scale the bin counts to values between 0 and
1 by dividing by the histogram’s maximum count. Although
increasing the histogram size to 64⇥ 64 could potentially have
improved classification, we chose 32⇥ 32 images to analyze
more LCs with less memory, as doubling the resolution would
have quadrupled the memory usage. Fig. 1 shows an exam-
ple of the eight different classes of variable star selected from
OGLE data.

3.2. Train validation and test sets

We separated the OGLE data to train the model into three
sets: training, validation, and test sets in a proportion of
70:15:15. The training set was used by the algorithm to learn
directly how to recognize different labeled data. The valida-
tion set was utilized indirectly to optimize the learning algo-
rithm, aiming to quantify its level of generalization. Finally,
the test set, which was entirely independent, served to evalu-
ate the algorithm’s classification performance, as these data had
not been previously exposed to the model, either directly or
indirectly.

First, we created a balanced dataset by reducing the sample
size to 11 366 stars per class, matching the population of the
CEP, which was the least represented. This was achieved through
Undersampling (U) (see Sect. 3.2.1). We had 11 366 independent
CEP, which were divided into 8 404, 1484, and 1478 to train,
validate, and test, respectively. We selected the same number of
examples for the rest of the classes. The total number of stars for
training, validation, and testing were 67 232, 11 872, and 11 824,
respectively, across eight classes: CEP, RR, L, M, ELL, DST,
E, and the spurious class. For the spurious class, we selected
subsets of time series from each class and chose a randomly
resampled period. It is important to note that these selected time
series originated from real observations, not augmented stars.
Additionally, we ensured that time series from different sets were
not combined. As the training set had been balanced through U,
resulting in approximately 8000 stars per class, it was hereafter
referred to as ‘Train-8’.

We evaluated the representativeness of the balanced datasets
by comparing the distribution of the observables and physi-
cal parameters for the samples. These comparisons are useful
for characterizing the sample as astronomical objects and for
assessing the representativeness of the entire algorithm’s flow. In
Fig. 2, we present the distributions of various parameters across
different sets. The parameters include the number of observa-
tions, amplitude, mean magnitude, field, mean error, period,
magnitude standard deviations, and error magnitude standard
deviations for each star. The title of each distribution show the
Kolmogorov–Smirnov (K–S) test (Kolmogorov 1933; Smirnov
1948) for training set with validation and test. Owing to the com-
bination of different classes and environments, the properties of
each star exhibit diversity. Nevertheless, it is observable from
the Fig. 2 that similar distributions prevail in the three sets for
most of the distribution range. Minor discrepancies are noted
only in the extremes of the magnitude standard deviations and
error standard deviations.

Fig. 1. Phase LCs for the different variability classes considered in the
OGLE sample. For each class, the first column shows the lightcurve
with colors showing the different cycles. From the top the different vari-
ability classes are M, CEP, ELL, E, DST, RR, LPV, and the Random
period Class. The second columns are the 32 ⇥ 32 histogram and the
color represent the number of observation in each bin with a min-max
normalization.
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Fig. 2. Distribution of observational parameters of the variable stars used in this work is shown. The number of observations, amplitude, mean
magnitude, field, mean error, period, magnitude standard deviation, and the standard deviation of magnitude error are presented. The yellow, purple,
and green colors represent the training, validation, and testing sets, respectively. The distributions are stacked for better visualization, and the titles
correspond to the K-S test for validation and testing.

3.2.1. Balanced data

In astronomy, we often encounter imbalanced datasets character-
ized by widely differing numbers of classified objects for several
variability classes. The distribution of astrophysical phenom-
ena in the universe is not uniform. This non-uniformity arises
either from inherent biases towards intrinsically rare phenomena
or from observational factors that skew detections towards spe-
cific phenomena. In the classification of variable stars, this issue
becomes evident (see Table 1). E (the majority class) outnum-
ber CEP (the minority class) by a factor of 40. This imbalance
can skew standard classifiers to be overwhelmed by the larger
classes and to ignore the minority class (Chawla et al. 2004). To
deal with this problem, we employ different approaches to bal-
ance the data: Undersampling (U), Batch Balancing (BB), and
Data Augmentation (DA).

The U technique represents a popular approach for address-
ing the class imbalance problem. This technique involves train-
ing only with a subset of the objects populating the majority
classes. The size of this subset is chosen according to the avail-
ability for training and testing of the minority classes. This
approach makes it a straightforward and efficient method for
handling imbalanced datasets. The main drawback is that it
ignore many examples of the majority class (Liu et al. 2009).
However, if we have a representative subsample of examples, we
can expect favorable outcomes from this approach.

The BB involves dividing the data used to train the model
into subsamples, known as batches. These batches are randomly
selected without repetition from the training set Sect. 3.2. This
procedure continues until all the data from the training set has
been processed. One epoch is completed when the entire train-
ing set has been used. After completing one epoch, the entire

training set is reintroduced, and the process begins again. In the
BB training procedure, as described in Shimizu et al. (2018), the
minority class is repeated within an epoch to ensure balanced
batches.

Finally, the DA consists of generating synthetic data derived
from the original data set. It is imperative that this technique is
applied solely to the training set. The objective is to create syn-
thetic data that, although different from the original, preserves
relevant patterns from the data. Typical image data augmenta-
tion techniques are rotations, flips, cropping, and blurring, but
they are not suitable in our context as they could inadvertently
alter the intrinsic astrophysical behavior of stars (Szklenár et al.
2020). An alternative is to utilize a generative model to pro-
duce synthetic LCs, as demonstrated by Martínez-Palomera et al.
(2022) using OGLE III LCs and Gaia DR2 stellar parameters.
However, we opted not to use this model due to potential data
leakage risks. Nonetheless, their approach to DA is similar to
ours. We implemented DA with three different variations in the
LC: magnitude shift, phase shift, and reduction in the number of
observations variations.

The magnitude shift was introduced by Szklenár et al. (2020)
who presented this methodology as a DA. This approach does not
account for any correlated noise and assumes the observations
are independent and identically distributed random variables,
with is not necessarily the case. We complement the modifica-
tions of the LC with the other three changes. The magnitude
shift consists of the generation of Gaussian noise with a mean
of zero and a standard deviation equal to the observational error;
then we aggregate this error to the magnitude. For phase varia-
tions, we change the value t0 in equation (1). We maximize the
spaced numbers of t0 over the interval 0 + 1/32 < t0 < 1 � 1/32
according to the augmented LC. We created a binned LC for the
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Fig. 2. Distribution of observational parameters of the variable stars used in this work is shown. The number of observations, amplitude, mean
magnitude, field, mean error, period, magnitude standard deviation, and the standard deviation of magnitude error are presented. The yellow, purple,
and green colors represent the training, validation, and testing sets, respectively. The distributions are stacked for better visualization, and the titles
correspond to the K-S test for validation and testing.

3.2.1. Balanced data

In astronomy, we often encounter imbalanced datasets character-
ized by widely differing numbers of classified objects for several
variability classes. The distribution of astrophysical phenom-
ena in the universe is not uniform. This non-uniformity arises
either from inherent biases towards intrinsically rare phenomena
or from observational factors that skew detections towards spe-
cific phenomena. In the classification of variable stars, this issue
becomes evident (see Table 1). E (the majority class) outnum-
ber CEP (the minority class) by a factor of 40. This imbalance
can skew standard classifiers to be overwhelmed by the larger
classes and to ignore the minority class (Chawla et al. 2004). To
deal with this problem, we employ different approaches to bal-
ance the data: Undersampling (U), Batch Balancing (BB), and
Data Augmentation (DA).

The U technique represents a popular approach for address-
ing the class imbalance problem. This technique involves train-
ing only with a subset of the objects populating the majority
classes. The size of this subset is chosen according to the avail-
ability for training and testing of the minority classes. This
approach makes it a straightforward and efficient method for
handling imbalanced datasets. The main drawback is that it
ignore many examples of the majority class (Liu et al. 2009).
However, if we have a representative subsample of examples, we
can expect favorable outcomes from this approach.

The BB involves dividing the data used to train the model
into subsamples, known as batches. These batches are randomly
selected without repetition from the training set Sect. 3.2. This
procedure continues until all the data from the training set has
been processed. One epoch is completed when the entire train-
ing set has been used. After completing one epoch, the entire

training set is reintroduced, and the process begins again. In the
BB training procedure, as described in Shimizu et al. (2018), the
minority class is repeated within an epoch to ensure balanced
batches.

Finally, the DA consists of generating synthetic data derived
from the original data set. It is imperative that this technique is
applied solely to the training set. The objective is to create syn-
thetic data that, although different from the original, preserves
relevant patterns from the data. Typical image data augmenta-
tion techniques are rotations, flips, cropping, and blurring, but
they are not suitable in our context as they could inadvertently
alter the intrinsic astrophysical behavior of stars (Szklenár et al.
2020). An alternative is to utilize a generative model to pro-
duce synthetic LCs, as demonstrated by Martínez-Palomera et al.
(2022) using OGLE III LCs and Gaia DR2 stellar parameters.
However, we opted not to use this model due to potential data
leakage risks. Nonetheless, their approach to DA is similar to
ours. We implemented DA with three different variations in the
LC: magnitude shift, phase shift, and reduction in the number of
observations variations.

The magnitude shift was introduced by Szklenár et al. (2020)
who presented this methodology as a DA. This approach does not
account for any correlated noise and assumes the observations
are independent and identically distributed random variables,
with is not necessarily the case. We complement the modifica-
tions of the LC with the other three changes. The magnitude
shift consists of the generation of Gaussian noise with a mean
of zero and a standard deviation equal to the observational error;
then we aggregate this error to the magnitude. For phase varia-
tions, we change the value t0 in equation (1). We maximize the
spaced numbers of t0 over the interval 0 + 1/32 < t0 < 1 � 1/32
according to the augmented LC. We created a binned LC for the
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Figure 7. Each light curve is transformed using a matrix with two channels,
time and magnitude. For every channel, the maximum number of points is
N. Each light curve is transformed using the difference between points and
a new matrix is created with two channels.

(2016). Afterwards, our layer combines its patterns with a hidden
layer in a fully connected way.

4.5 Hidden layer

We use a hidden layer to combine our extracted patterns and the
number of cells is given by ncells. After several experiments, we
realize that 128 cells generate the best results. We perform many
experiments using sigmoid, relu and tanh activating functions. We
obtain the best results using tanh activation, as most of the deep
learning literature suggests (LeCun et al. 1998).

4.6 Softmax layer

In the output layer, there is one node per each of the possible
variability classes. We test two different amounts of classes: one for
four classes of variable stars and the other for nine subclasses. We
use a softmax function to shrink the output to the [0,1] range. We
can interpret the numbers from the output nodes as the probability
that the light curve belongs to the class represented by that node.

Table 1. Class distribution of OGLE-III labelled set.

Class name Abbreviation Num. of Stars

Classical Cepheids CEP 8031
RR Lyrae RRLyr 44262
Long-period variables LPV 343816
Eclipsing binaries ECL 55863

Subclass name
First-overtone 10
Classical Cepheid CEP10 2886
Fundamental-mode F
Classical Cepheid CEPF 4490
RR Lyrae ab RRab 31418
RR Lyrae c RRc 10131
Mira Mira 8561
Semi-regular variables SRV 46602
Small-amplitude red giants OSARGs 288653
Contact eclipsing binary EC 51729
Semi-detached
Eclipsing binary nonEC 4134

Finally, we minimize the average across training using categor-
ical cross-entropy. We use categorical cross-entropy as our loss
function, as we obtained the best results and the data sets we use
are unbalanced.

5 DATA

We apply our method to variable star classification using three
different surveys: OGLE (Udalski 2004), the Vista Variable in the
Via Lactea (VVV: Minniti et al. 2010) and CoRot (Baglin et al.
2002; Bordé et al. 2003). We select these surveys because of their
difference in cadence and filters. In the following subsections, we
explain each of these surveys in detail.

5.1 OGLE-III

The Optical Gravitational Lensing Experiment III (OGLE-III) cor-
responds to the third phase of the project (Udalski 2004). Its primary
purpose was to detect microlensing events and transiting planets in
four fields: the Galactic bulge, the Large and Small Magellanic
Clouds and the constellation of Carina.

For our experiment, we use 451 972 labelled light curves. The
cadence is approximately six days and, in the experiments, this is
considered our survey with medium cadence. The band used by the
survey is infrared and visible. We discard the visible band because of
the low number of observations per star compared with the infrared
band. The class distribution is shown in Table 1.

5.2 The Vista Variable in the Vı́a Láctea

The Visible and Infrared Survey Telescope (Vista) started working
in 2010 February (Minniti et al. 2010). Its mission was to map the
Milky Way bulge and a disc area of the centre of the Galaxy.

To obtain labelled light curves from Vista, we cross-match the
Vista catalogue with OGLE-III. We found 246 474 stars in total.
The cadence of the observations is approximately every 18 days
and this is considered our survey with low cadence. The band used
by the survey is mainly kps and the class distribution of the labelled
subset is shown in Table 2.
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Table 2. Test accuracies for OGLE-III full-length light curves compared to classifications results in Becker et al.
(2020). For all but one subclass, the cyclic-permutation invariant networks outperform previous results. Similar to
Table 1, we note that uncertainties are dominated by the bootstrapping noise arising from randomized data partitioning,
and as such, are only upper limits to uncertainties in the accuracy differences for each class.

Class iTCN iResNet GRU RF

Cep 98.3 per cent ±0.3 per cent 98.4 per cent±0.7 per cent 72 per cent 97 per cent
RRab 99.7 per cent±0.1 per cent 99.7 per cent±0.4 per cent 85 per cent 99 per cent
RRc 99.0 per cent±0.2 per cent 99.1 per cent±0.1 per cent 30 per cent 98 per cent
Dsct 97.6 per cent±0.8 per cent 97.8 per cent±0.6 per cent 72 per cent 93 per cent
EC 87.9 per cent±0.9 per cent 87.8 per cent±0.7 per cent 54 per cent 79 per cent
ED 95.0 per cent±0.3 per cent 94.8 per cent±0.4 per cent 93 per cent 92 per cent
ESD 68.7 per cent±1.0 per cent 70.7 per cent±0.9 per cent 24 per cent 61 per cent
Mira 97.1 per cent±0.6 per cent 96.8 per cent±0.3 per cent 92 per cent 97 per cent
SRV 96.0 per cent±0.4 per cent 95.9 per cent±0.2 per cent 93 per cent 82 per cent
OSARG 93.2 per cent±0.4 per cent 93.4 per cent±0.2 per cent 90 per cent 97 per cent
Mean 93.4 per cent 93.3 per cent 70.5 per cent 89.5 per cent

4.1 Comparison to published methods and results

We first consider the time-space RNN and RF results recently
published in Becker et al. (2020). Becker et al. (2020) present
OGLE-III classification results with their time-space GRU and
an RF baseline with the Nun et al. (2015) features. The Becker
et al. time-space GRU work groups each full OGLE-III light curve
with a moving window of size 50 and stride 25, whereby the
effective sequence length is reduced by a factor of 25. This reduction
alleviates the so-called vanishing gradient problem (Hochreiter &
Schmidhuber 1997) which limits the sequence length that the RNN
could be effectively trained on. To facilitate this comparison, we have
used the same OGLE-III data selection as their work (Section 3.3).
Since a L > 300 requirement has been applied to their OGLE-III data
selection, we trained the iTCN/iResNet on L = 300 segments, and
average classifications on L = 300 segments for each full light curve
during testing. As seen in Table 2, the cyclic-permutation invariant
networks outperform both results. The invariant network accuracies
are significantly higher for most classes, reducing error rates by as
much as 69 per cent for the minority classes. We find this result to
be critically important, as the hard-to-classify minority classes tend
to be the least well understood and often are the most interesting
to identify for further study. In particular, the largest error rate
reductions against RF are seen in Eclipsing Binaries, Delta Scuti,
and Semiregular Variables, which are important both for accurate
tests of stellar evolution models (e.g. Guinan et al. 2000; Torres &
Ribas 2002) and for precision probes of distance (e.g. Bonanos
et al. 2006; McNamara, Clementini & Marconi 2007; North et al.
2012).

Additionally, Naul et al. (2018) published RF benchmark accu-
racies for the MACHO data set of 90.50 per cent with the Richards
et al. (2011) features and 88.98 per cent with the Kim & Bailer-Jones
(2016) features. While we have use the same MACHO data set as
Naul et al. (2018), our results are not directly comparable because
Naul et al. (2018) performed randomized train/test split on the L =
200 segmented light curves, which have caused different versions of
the same light curve to exist in both training and test split, resulting
in information leakage and thus a higher accuracy.

4.2 Adapting to variable-length sequences

Although none of the networks tested are restricted to fixed-length
inputs, we emphasize that fixed-length sequence trained networks
should not be naively applied to test sequences of different lengths

Figure 3. iResNet/iTCN test accuracy as a function of test sequence length
for MACHO, ASAS-SN, and OGLE-III. Shaded region indicates the range
of training sequence length: 16 < L < 200.

because doing so results in degraded accuracy: different sequence
lengths correspond to a different effective sampling frequency
in phase-space. The NN is essentially asked to extrapolate, not
interpolate, beyond the training function domain.

In Table 2, we showed a segment-and-classify scheme which is
shown to be effective for OGLE-III full light curves. Here, we provide
examples to show how the invariant networks could be directly
trained on variable length sequences. A random sequence length in
between 16 < L < 200 is selected for each mini-batch during training.
The optimal hyper-parameters for L = 200 networks are used, though
each network could potentially benefit from increased complexity
due to the increased task difficulty. As seen in Fig. 3, high accuracy
is maintained across a wide range of sequence lengths within the
training range of 16 < L < 200. Beyond the training range 16 < L <

200, the ability of the networks to generalize is data set dependent.
Furthermore, we note that the optimal range of training sequence

length depends on the ratio of the period to the cadence. If the cadence
is short compared to the periods, then the training sequence length
should have a longer upper limit for each training light curve to cover
at least one oscillation period. Fig. 3 also suggests a way by which
the training sequence length upper limit could be determined. As
accuracy only increase marginally for MACHO beyond L ∼ 100,
a shorter upper limit could be selected whereby each full-length
light curve is cut into more segments whose results are combined.
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Fig. 3. ASTROMER architecture.

that the loss function containing the actual observation xil and
the prediction x̂il is equivalent to the root-mean-square error
(RMSE). In Eq. (5), the mask vector mi only permits sum-
ming over the masked values’ error; nevertheless, the model
reconstructs the entire sequence.

4.2. Model architecture

ASTROMER has an encoder-decoder architecture, as shown in
Fig. 3. Input samples are fixed-length light curves of L = 200
observations with two descriptors each: observation times and
magnitudes. The first part of the encoder is tasked to compute
the PE, which receives the time values at each step and projects
them into vectors of 256 dimensions. The next step consists in
adding magnitudes to the PE without interfering with the tempo-
ral encoding. As shown in Fig. 3, we train a feed-forward network
(FNN) without hidden layers that transform each magnitude to a
vector of size 256. We notice the dimension of the FFN matches
the size of the positional embedding. In order to not alter the
temporal encoding, the FNN should learn to project brightness
information in a way that can be summed with the constant part
of the PE, that is to say, after the 100th dimension in Fig. 22.
After adding the projected magnitudes and the PE, the new input
is a matrix of dimension 200 ⇥ 256.

The core of ASTROMER takes place on the two self-
attention blocks. Each block contains four heads with 64 neurons
each. The final representation is the normalized concatenation
of the heads of the last block. Then, the resulting embedding
is a collection of 200 vectors of size 256, describing the
attention of every observation to each other. We notice that
dpe = dk#heads = 256.

2 We confirm the assumption in Appendix A, where the model -after
training- learned to project magnitudes on the ⇠200th dimension.

1 1 0 1 0 0 0 1 0 1

Inputs

Attention 
Mask

Fig. 4. Preliminary input example with 50% masking. ASTROMER
aims to predict masked observations (denoted by “1”s) using only the
attention associated with zero-tagged elements.

In the decoder, we take the representation to build the
model’s output, which during the pre-training consists of a linear
FFN with no hidden layers, which reconstructs the input magni-
tudes. Although the decoder presented in Fig. 3 is exclusive for
pre-training ASTROMER, we can use different decoding layers
that focus on other downstream tasks.

4.3. Learning representations

ASTROMER uses self-attention blocks to transform light curves
into embeddings via learnable parameters. As mentioned in
Sect. 4.1, we train ASTROMER to predict a subset of masked
observations using the concatenated attention vector at the end
of the encoder. The embeddings must capture enough informa-
tion to reconstruct magnitudes using only the surrounding local
context of the hidden observations.

In order to exclude the masked observations from the self-
attention blocks, we covert all the dimensions associated with the
hidden elements to zero values. Therefore, by modifying Eq. (1),
we obtain

Zi = softmax
0
BBBB@

QiK>i + (�109)M
p

dk

1
CCCCAVi, (6)

where M is a binary matrix that is one on masked positions and
zero otherwise. The M matrix is dynamically created before the
encoder. We notice that for the points in the light curve that are
hidden (i.e., for which M is 1), the value of the softmax function
will be close to zero, making Zi close to zero. In other words,
when the observation is masked, its assigned predicted value will
be zero, which represents no attention.

In this work, we mask 50% of the total number of obser-
vations per light curve. It is important to note that M should
be reshaped to match the square matrix QiK>i 2 RL⇥L. Figure 4
shows an example of a ten-observation input.

During training, the mask M provides the model with infor-
mation about the observations to be predicted. The model can
only focus on the target magnitudes and forgets contextual
information about unmasked inputs. To avoid learning biased
representations conditioned by the masking information only,
Devlin et al. (2018) proposed replacing a subset of masked val-
ues with random and real elements. In practice, we turn 20% of
the masked values from one to zero, while replacing their asso-
ciated magnitudes with random values from the same sequence.
Similarly, we make another 20% of the masked values visible
but this time without changing their magnitudes. The unmasked
values are still considered in the loss function as they are part
of 50% of the initial masked elements. Figure 5 shows the final
composition of the input.

Having defined the mask vector, we initiate the forward pass
of the encoder by transforming input times and magnitudes to
a 256 vector that mixes temporal and brightness information.
Finally, we pass the combined input sequences via two self-
attention blocks that capture similarities between observations
and then output the attention-based embeddings.
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variables was expected because the morphology of their light
curves can vary widely, leading to inconsistent classifications
(e.g., Thiemann et al. 2021).

4.2. User Performance

For our first set of candidates, a total of 2298 volunteers
participated in Citizen ASAS-SN and they made 403,626
classifications. Of these, 370,277 were of the variable
candidates and 33,349 were of the gold-standard variables.
We found that 1594 users made classifications from accounts
registered with the Zooniverse platform, while 704 users made
classifications from unregistered accounts. The registered users
contributed to 95% of the total classifications, while unregis-
tered users contributed 5% of classifications.

The next metric we considered was how correlated our user’s
votes were with each other for each variable type. To do this,
we computed a “Classification Strength” P as the ratio between
the number of votes for the voted classification type and the
total number of votes. This metric would be P= 1.0 if all user
classifications agree for a particular variable candidate. There is
a lower bound of P= 0.2, where the 10 votes were evenly
divided over the five possible classifications. In Figure 4, we
show the distribution of classification strengths for each
variable class. The mean classification strength was highest
for eclipsing, pulsating, and junk variables with averages of
〈P〉= 0.78, 0.73 and 0.74 respectively. For candidates most
voted as Rotational Variable and Unknown Variable, there are
more disagreements between users with mean classification
strengths of 〈P〉= 0.53 and 0.37 respectively. The low
classification strength for rotating variables is in agreement
with the poor performance shown in Figure 3. Given the nature
of unknown variable types, a low classification strength is to be

Figure 3. The normalized confusion matrix between the citizen science voted
classifications on the horizontal axis and the true class classification based on
the AAVSO VSX, OGLE III, and OGLE IV catalogs.

Figure 4. Normalized distribution of classification strengths for each variable class.
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Figure 4. A representative Mira from our sample that was previously identified by Yuan et al. (2017a). Upper panel: observed light curves in 6A8�� ( . Lower
panel: phased light curves; magnitudes have been offset and two cycles are plotted for clarity.
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Regrettably, given the nature of the archival observations of M33
that form the basis of our study, we do not have � magnitudes (but
have 8 instead), only a very small fraction of Miras have 6magnitudes,
and there is little overlap between the �/ ( and � observations. For-
tunately, we have 8� ( magnitudes for the vast majority of objects.

We cross-matched the OGLE-III LMC Miras with the near-
infrared catalog of Kato et al. (2007), which is significantly deeper
and has considerably better angular resolution than 2MASS, to obtain
improved �� ( magnitudes. We used the BaSTI stellar evolution
database (Pietrinferni et al. 2013, 2021) to derive cubic relations be-
tween � � �� ( and 8 � �� ( colors for RGB and AGB stars, so
that we could directly compare the LMC and M33 relations. We used
the existing OGLE classification of these Miras into O- and C-rich
types to generate the diagrams shown on the left-hand side of Fig. 7.
The O-rich Miras delineate tight sequences in the various color-color
relations, which are listed in Table 1, with a scatter of ⇠ 0.07 mag.

We used the +2f ridge of the LMC (8 �  ( , � �  () color-color
relation (top-left panel of Fig. 7) delineated by the O-rich Miras
as our primary method to classify the M33 variables. If �-band
photometry was not available, we used the equivalent ridge in the
LMC (8� ( ,�� () relation (middle-left panel of the same Figure).
If  ( band photometry was not available, we used the +3f ridge of
the LMC (8��, ���) relation (bottom-left panel of the same figure)
to account for additional dispersion in the M33 sample. If only one
NIR band was available, no classification was done.

4 IDENTIFYING NEW MIRA CANDIDATES

We identified new Mira candidates out of our LPV sample using
two approaches. The first one relies on machine-learning techniques
applied to our 8 light curves, while the other one uses near-infrared
Period-Luminosity relations of Miras in the Large Magellanic Cloud.
We then derived period-Wesenheit relations for the newly-selected
Mira candidates and the previously-known ones.

We applied several quality cuts to the 12,970 LPVs not previ-
ously classified as Miras before carrying out these procedures. The
cuts were applied consecutively and resulted in the rejection of the
following numbers of variables:

(i) 2,891 with crowding corrections or uncertainties in these cor-
rections exceeding 0.1 mag;

(ii) 1,336 with best-fit periods near the lower or upper limits of
our grid search (log % <2 or log % >3);

(iii) 296 with abnormally blue colors (any of �� ( <0.8, ��
 ( <0.2, ��� <0.5, 8�� <2, 8� ( <2.5);

(iv) 2,303 faint variables lying below the first-overtone and fun-
damental mode groups, identified as follows. The dividing lines are
also plotted in Figs. 5 and 6.

• 783 with,� ( > 18.0�4.9 (log %�2.2);
• 332 with,�� > 18.0 � 4.9 (log %�2.2);
• 262 with no � or � data and  ( > 18.6�3.7 (log %�2.2);
• 532 with no � or  ( data and � > 19.1�3.7 (log %�2.2);
• 394 with no � or  ( data and � > 19.8�3.7 (log %�2.2)

which resulted in a classification sample of 6,144 variables. These
cuts were also applied to the recovered Miras from Yuan et al. (2018);
934 out of 1,342 were selected for further analysis.

Feature Description Source Rank

f ('@ )/ Ratio of std deviations, . . . . . . . . . . . . . . L 2
f (<) defined below
'0.9 Light curve range from . . . . . . . . . . . . . . L 3

10th to 90th percentile
' Light curve range . . . . . . . . . . . . . . . . . . . L 5
�% Semi-amplitude of periodic component M 6
f (<) Std dev of residuals about unweighted . L 8

mean magnitude, <
f ('@ ) Std dev of residuals from piece- . . . . . . M 10

wise quadratic fits⇤

Table 2. Classifier features used to identify new Mira candidates, based on
Yuan et al. (2017a) and listed according to their rank in that publication.
L: light curve; M: model. *: f ('@ ) was not used as a stand-alone parameter;
it is only described to define f ('@ )/f (<) .

Figure 8. Fraction of common candidates across the samples returned by the
six machine learning classifiers.

4.1 Machine Learning Classification

We used six machine learning methods as classifiers to identify new
Mira candidates: logistic regression, random forest, linear discrimi-
nant analysis, quadratic discriminant analysis, kernel support vector
machine (SVM), and positive-unlabeled learning with bagging SVM
(Mordelet & Vert 2014). All six of the methods work as binary clas-
sifiers, which is ideal for our goal of distinguishing Miras from other
types of variables. We set up the classifiers so that each one returned
a score for each object; the higher the value, the more Mira-like.

The classifiers were provided with the first five features described
in Table 2, which are associated with the 8-band light curves and
best-fit models. These features were amongst those used to identify
Mira candidates in Yuan et al. (2017a). We could not include other
features from that work because they require periodograms, which
our simple sinusoidal fit could not provide.

We trained and validated the classifiers using the Mira candidates
from Yuan et al. (2018) that we recovered in our data, as well as
the objects that did not pass sample cuts #1-5 described in §3 and
Table A3. The former were considered as known Miras while the
latter were considered as known non-Miras.
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While the LMC NIR data for Miras are limited in terms of
temporal coverage, Ita et al. (2018) provided NIR time series
for a small region of the SMC spanning over a decade of
observing epochs. Their catalog consists of 14 O-rich and 76
C-rich Miras that have OGLE-like light curves in the JHKs
bands. The right panel of Figure 11 shows the PL and PLC
relations for Miras in the SMC. The PLRs display evidence of a
smaller dispersion at max-light than at mean-light despite the
statistically small sample of Miras. The color coefficients of
PLC relations for C-rich Miras are similar for both Magellanic
Clouds and significant even at longer wavelengths.

5.2. Distance between the Magellanic Clouds

O-rich Mira PLRs at NIR wavelengths can be used as
potential distance indicators. While the long-period Miras are
affected by the circumstellar dust extinction, the extinction and
metallicity effects are small at NIR wavelengths. Assuming that
the effects of circumstellar dust are similar at both mean and
max-light, we used O-rich Mira PLRs in the LMC and SMC to
estimate the relative distance between the Magellanic Clouds.
The top panel of Figure 12 presents the optical PLC relations
and the bottom panel displays NIR Ks-band PLRs at max-light
for O-rich Miras in the Magellanic Clouds. The zero-point
offset between the Clouds is estimated with respect to fixed
LMC relations. Table 6 lists the results for the relative distance
modulus between the LMC and the SMC estimated using both
mean- and max-light relations. The extinction-corrected
distance estimates based on max-light relations exhibit smaller
statistical uncertainties by virtue of the smaller dispersion in
max-light relations. A mean relative distance modulus,

Δμ=0.48±0.08 mag, is obtained between the Magellanic
Clouds using O-rich Miras. The distance estimate using max-
light PLRs are consistent with the relative distance moduli
based on classical Cepheids, Miras, and other distance
indicators (Matsunaga 2012; de Grijs et al. 2014; de Grijs &
Bono 2015; Bhardwaj et al. 2016b).

5.3. Distance to the Galactic Center

Matsunaga et al. (2009) carried out a NIR survey of LPVs
toward the Galactic center and identified 1364 variables,
including several Mira candidates. Due to significantly high
extinction, J-band light curves are not available for several
variables while K-band magnitudes approach the saturation
limit for the brightest LPVs. We selected a subsample of Miras
with the following criteria: P�350 days, max-light magni-
tudes �9 mag in K, amplitudes greater than 0.5 mag in K.
These criteria led to a sample of 148 Miras with both H- and K-
band measurements, which is used in the subsequent analysis.
We assume that most of these Miras are O-rich as C-rich Miras
are rare toward the central region of the Galaxy (Matsunaga
et al. 2017).
Figure 13 displays the PLC relation for Miras toward the

Galactic center. The scatter is comparable in both mean- and
max-light relations. Matsunaga et al. (2009) adopted total-to-
selective absorption ratios (e.g., AH/AK) given by the reddening
law of Nishiyama et al. (2006) to simultaneously estimate
distance and extinction. Similar to their analysis, we used
Equations (8) and (9) from Matsunaga et al. (2009) to estimate
the distance and K-band extinction for Miras with both max-
and mean-light PLRs. The calibrator NIR data for Miras in the
LMC are taken from Yuan et al. (2017) and the PLRs are
restricted to Miras with P�350 days. Mira PLRs are
calibrated using the most precise ∼1% distance to the LMC
(Pietrzyński et al. 2019). The middle panel of Figure 13 shows
the histogram of distances to individual Miras toward the
Galactic center. Our distance estimates using mean-light are
similar to that of Matsunaga et al. (2009) and the peak of the
distribution is consistent with the ∼0.3% geometric distance
(∼8.18 kpc) to the Galactic center (Gravity Collaboration et al.
2019), and with measurements based on RR Lyrae and Type II
Cepheids (Dékány et al. 2013; Bhardwaj et al. 2017). However,
the peak of the distribution using max-light PLRs shows an
offset toward larger distances, but is consistent within the
uncertainties. The bottom panel of Figure 13 shows the K-band
extinction estimated using mean and max-light PLRs. The
typical values and the range of AK are consistent between the
two approaches and similar to the results of Matsunaga et al.
(2009).

6. Conclusions and Discussion

The pulsation properties of Mira variables in the Magellanic
Clouds are investigated as a function of the pulsation phase, in

Figure 12. Optical PLC and NIR PLR for O-rich Miras in the Magellanic
Clouds. The dashed line indicates the fixed LMC PL/PLC used to estimate the
relative distance modulus between the Magellanic Clouds.

Table 6
Relative Distance Moduli for the Magellanic Clouds

Band ZP Δμ ZP Δμ

PL/PLC Mean-light Max-light

I, (V−I) 12.07±0.09 0.35±0.12 12.12±0.07 0.45±0.08
J 12.37±0.09 0.33±0.11 12.08±0.07 0.46±0.08
K 11.27±0.08 0.41±0.09 10.98±0.06 0.53±0.07
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Mass-Luminosity relations

Period-mass-radius relations

Binary Cepheids (Pilecki+2019)

Dynamical mass of a classical Cepheid to an 
unprecedented 1% accuracy OGLE-LMC-CEP-0227 

(Pietrzyński et al. 2010, Naturę)

Fundamental parameters in an instant…



Non-linear time-dependent hydrodynamical models can reproduce light and radial velocity 

variations of Cepheid and RR Lyrae variables (Bono+2000, Marconi+2015, Paxton+2019)

Predicted fundamental parameters

2.2.6. Artificial Viscosity Sensitivity

There are two parameters, αcut and Cq, that control the
Stellingwerf (1975) artificial viscosity, entering into the
definition of pav (see Table 1). Figure 9 shows the effect of
these parameters on light curves for the Teff=6000 K Cepheid
model. The value of Cq plays a minor role. For Cq=4, the top
panel shows that a different light curve develops only if
αcut=0.0, corresponding to artificial viscosity acting for very
small compressions, which leads to excessive dissipation that
quenches the pulsation amplitude. For αcut�0.01, the light
curves are similar and roughly have the same pulsation
amplitude. When αcut=0.1, artificial viscosity turns on only
for strong shocks, seen as the wiggle on the ascending branch
of the light curve. This choice (αcut=0.1) numerically
captures shocks without excessive dissipation, barely affecting
the light-curve shape and amplitude. While an artificial
viscosity modifies the velocity structure in the envelope at
each epoch, we find that these differences are smaller than the
differences for the bolometric light curves. The bottom panel
shows that the Tscharnuter & Winkler (1979) form of artificial
viscosity yields light curves with the same amplitude and
qualitatively the same shape. Small differences are apparent at
a shock-prone phase shortly before the maximum brightness.

2.2.7. Spatial and Temporal Sensitivity

Figure 10 shows the sensitivity of the bolometric light curve
to the total number of cells N, number of cells above the anchor
Nouter, anchor location Tanchor, and inner boundary location

Tinner for an RRLyrae model (M=0.65Me, L=50 Le,
Teff=7000 K, X=0.75, Z=0.0014) with convective para-
meter set A. For classical pulsators, Tinner is typically placed at
2×106 K, and common choices for Tanchor are 11,000 K or
15,000 K. The top panel shows that the light curves are weakly
sensitive to the choice of Tinner and Tanchor for this RRLyrae
model. Light and radial velocity curves are usually the most
sensitive to N and Nouter. The bottom panel shows that this
effect is small for this RRLyrae model. Section 2.4.4 shows a
case with a much larger sensitivity.
The default value of 600 time steps per pulsation cycle

works well for most cases, but smaller time steps are
recommended for models that include radiative cooling,
turbulent pressure, or turbulent flux, or develop violent
pulsations (e.g., the chaotic models of Section 2.4.3). We
stress that there is no unique choice of grid or time step that
will work for all applications or guarantees convergence. All
nonlinear modeling of variable stars should be accompanied by
sensitivity and convergence tests.

2.3. Current Limitations and Plans for the Future

RSP in its present form covers most of the classical instability
strip, including δCepheids, RRLyrae, high-amplitude δScuti,
and SXPhoenicis stars (see Figure 1), where a single or just a
few dominant radial modes are observed. RSP also has
applications outside of the classical instability strip as we show
below for BLAPs. For stars close to the main sequence (MS),
linear growth rates are very small, and thus, as we show below,

Figure 7. Bolometric light (top panel), radial velocity (middle panel), and radius curves (bottom panel) for an RRLyrae F-mode model (left; M=0.65 Me,
L=45 Le, Teff=6700 K, X=0.75, Z=0.0014) and two F-mode classical Cepheid models (M=4.15 Me, L=1400 Le, X=0.73, Z=0.007) at Teff=6000 K
(middle panel) and Teff=5700 K (right panel). The mass and luminosity for the Cepheid models are close to the values derived for OGLE-LMC-CEP-227 (Pilecki
et al. 2018). Each curve corresponds to a set of convective parameter values listed in Table 4. The mean magnitude of the bolometric light curves is set to zero. Light
curves are vertically offset by 0.3 mag, radial velocity curves by 10 km s−1, and radius curves by 0.2 Re (RRLyrae) or 1 Re (Cepheids).
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2.2.6. Artificial Viscosity Sensitivity

There are two parameters, αcut and Cq, that control the
Stellingwerf (1975) artificial viscosity, entering into the
definition of pav (see Table 1). Figure 9 shows the effect of
these parameters on light curves for the Teff=6000 K Cepheid
model. The value of Cq plays a minor role. For Cq=4, the top
panel shows that a different light curve develops only if
αcut=0.0, corresponding to artificial viscosity acting for very
small compressions, which leads to excessive dissipation that
quenches the pulsation amplitude. For αcut�0.01, the light
curves are similar and roughly have the same pulsation
amplitude. When αcut=0.1, artificial viscosity turns on only
for strong shocks, seen as the wiggle on the ascending branch
of the light curve. This choice (αcut=0.1) numerically
captures shocks without excessive dissipation, barely affecting
the light-curve shape and amplitude. While an artificial
viscosity modifies the velocity structure in the envelope at
each epoch, we find that these differences are smaller than the
differences for the bolometric light curves. The bottom panel
shows that the Tscharnuter & Winkler (1979) form of artificial
viscosity yields light curves with the same amplitude and
qualitatively the same shape. Small differences are apparent at
a shock-prone phase shortly before the maximum brightness.

2.2.7. Spatial and Temporal Sensitivity

Figure 10 shows the sensitivity of the bolometric light curve
to the total number of cells N, number of cells above the anchor
Nouter, anchor location Tanchor, and inner boundary location

Tinner for an RRLyrae model (M=0.65Me, L=50 Le,
Teff=7000 K, X=0.75, Z=0.0014) with convective para-
meter set A. For classical pulsators, Tinner is typically placed at
2×106 K, and common choices for Tanchor are 11,000 K or
15,000 K. The top panel shows that the light curves are weakly
sensitive to the choice of Tinner and Tanchor for this RRLyrae
model. Light and radial velocity curves are usually the most
sensitive to N and Nouter. The bottom panel shows that this
effect is small for this RRLyrae model. Section 2.4.4 shows a
case with a much larger sensitivity.
The default value of 600 time steps per pulsation cycle

works well for most cases, but smaller time steps are
recommended for models that include radiative cooling,
turbulent pressure, or turbulent flux, or develop violent
pulsations (e.g., the chaotic models of Section 2.4.3). We
stress that there is no unique choice of grid or time step that
will work for all applications or guarantees convergence. All
nonlinear modeling of variable stars should be accompanied by
sensitivity and convergence tests.

2.3. Current Limitations and Plans for the Future

RSP in its present form covers most of the classical instability
strip, including δCepheids, RRLyrae, high-amplitude δScuti,
and SXPhoenicis stars (see Figure 1), where a single or just a
few dominant radial modes are observed. RSP also has
applications outside of the classical instability strip as we show
below for BLAPs. For stars close to the main sequence (MS),
linear growth rates are very small, and thus, as we show below,

Figure 7. Bolometric light (top panel), radial velocity (middle panel), and radius curves (bottom panel) for an RRLyrae F-mode model (left; M=0.65 Me,
L=45 Le, Teff=6700 K, X=0.75, Z=0.0014) and two F-mode classical Cepheid models (M=4.15 Me, L=1400 Le, X=0.73, Z=0.007) at Teff=6000 K
(middle panel) and Teff=5700 K (right panel). The mass and luminosity for the Cepheid models are close to the values derived for OGLE-LMC-CEP-227 (Pilecki
et al. 2018). Each curve corresponds to a set of convective parameter values listed in Table 4. The mean magnitude of the bolometric light curves is set to zero. Light
curves are vertically offset by 0.3 mag, radial velocity curves by 10 km s−1, and radius curves by 0.2 Re (RRLyrae) or 1 Re (Cepheids).
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2.2.6. Artificial Viscosity Sensitivity

There are two parameters, αcut and Cq, that control the
Stellingwerf (1975) artificial viscosity, entering into the
definition of pav (see Table 1). Figure 9 shows the effect of
these parameters on light curves for the Teff=6000 K Cepheid
model. The value of Cq plays a minor role. For Cq=4, the top
panel shows that a different light curve develops only if
αcut=0.0, corresponding to artificial viscosity acting for very
small compressions, which leads to excessive dissipation that
quenches the pulsation amplitude. For αcut�0.01, the light
curves are similar and roughly have the same pulsation
amplitude. When αcut=0.1, artificial viscosity turns on only
for strong shocks, seen as the wiggle on the ascending branch
of the light curve. This choice (αcut=0.1) numerically
captures shocks without excessive dissipation, barely affecting
the light-curve shape and amplitude. While an artificial
viscosity modifies the velocity structure in the envelope at
each epoch, we find that these differences are smaller than the
differences for the bolometric light curves. The bottom panel
shows that the Tscharnuter & Winkler (1979) form of artificial
viscosity yields light curves with the same amplitude and
qualitatively the same shape. Small differences are apparent at
a shock-prone phase shortly before the maximum brightness.

2.2.7. Spatial and Temporal Sensitivity

Figure 10 shows the sensitivity of the bolometric light curve
to the total number of cells N, number of cells above the anchor
Nouter, anchor location Tanchor, and inner boundary location

Tinner for an RRLyrae model (M=0.65Me, L=50 Le,
Teff=7000 K, X=0.75, Z=0.0014) with convective para-
meter set A. For classical pulsators, Tinner is typically placed at
2×106 K, and common choices for Tanchor are 11,000 K or
15,000 K. The top panel shows that the light curves are weakly
sensitive to the choice of Tinner and Tanchor for this RRLyrae
model. Light and radial velocity curves are usually the most
sensitive to N and Nouter. The bottom panel shows that this
effect is small for this RRLyrae model. Section 2.4.4 shows a
case with a much larger sensitivity.
The default value of 600 time steps per pulsation cycle

works well for most cases, but smaller time steps are
recommended for models that include radiative cooling,
turbulent pressure, or turbulent flux, or develop violent
pulsations (e.g., the chaotic models of Section 2.4.3). We
stress that there is no unique choice of grid or time step that
will work for all applications or guarantees convergence. All
nonlinear modeling of variable stars should be accompanied by
sensitivity and convergence tests.

2.3. Current Limitations and Plans for the Future

RSP in its present form covers most of the classical instability
strip, including δCepheids, RRLyrae, high-amplitude δScuti,
and SXPhoenicis stars (see Figure 1), where a single or just a
few dominant radial modes are observed. RSP also has
applications outside of the classical instability strip as we show
below for BLAPs. For stars close to the main sequence (MS),
linear growth rates are very small, and thus, as we show below,

Figure 7. Bolometric light (top panel), radial velocity (middle panel), and radius curves (bottom panel) for an RRLyrae F-mode model (left; M=0.65 Me,
L=45 Le, Teff=6700 K, X=0.75, Z=0.0014) and two F-mode classical Cepheid models (M=4.15 Me, L=1400 Le, X=0.73, Z=0.007) at Teff=6000 K
(middle panel) and Teff=5700 K (right panel). The mass and luminosity for the Cepheid models are close to the values derived for OGLE-LMC-CEP-227 (Pilecki
et al. 2018). Each curve corresponds to a set of convective parameter values listed in Table 4. The mean magnitude of the bolometric light curves is set to zero. Light
curves are vertically offset by 0.3 mag, radial velocity curves by 10 km s−1, and radius curves by 0.2 Re (RRLyrae) or 1 Re (Cepheids).
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2.2.6. Artificial Viscosity Sensitivity

There are two parameters, αcut and Cq, that control the
Stellingwerf (1975) artificial viscosity, entering into the
definition of pav (see Table 1). Figure 9 shows the effect of
these parameters on light curves for the Teff=6000 K Cepheid
model. The value of Cq plays a minor role. For Cq=4, the top
panel shows that a different light curve develops only if
αcut=0.0, corresponding to artificial viscosity acting for very
small compressions, which leads to excessive dissipation that
quenches the pulsation amplitude. For αcut�0.01, the light
curves are similar and roughly have the same pulsation
amplitude. When αcut=0.1, artificial viscosity turns on only
for strong shocks, seen as the wiggle on the ascending branch
of the light curve. This choice (αcut=0.1) numerically
captures shocks without excessive dissipation, barely affecting
the light-curve shape and amplitude. While an artificial
viscosity modifies the velocity structure in the envelope at
each epoch, we find that these differences are smaller than the
differences for the bolometric light curves. The bottom panel
shows that the Tscharnuter & Winkler (1979) form of artificial
viscosity yields light curves with the same amplitude and
qualitatively the same shape. Small differences are apparent at
a shock-prone phase shortly before the maximum brightness.

2.2.7. Spatial and Temporal Sensitivity

Figure 10 shows the sensitivity of the bolometric light curve
to the total number of cells N, number of cells above the anchor
Nouter, anchor location Tanchor, and inner boundary location

Tinner for an RRLyrae model (M=0.65Me, L=50 Le,
Teff=7000 K, X=0.75, Z=0.0014) with convective para-
meter set A. For classical pulsators, Tinner is typically placed at
2×106 K, and common choices for Tanchor are 11,000 K or
15,000 K. The top panel shows that the light curves are weakly
sensitive to the choice of Tinner and Tanchor for this RRLyrae
model. Light and radial velocity curves are usually the most
sensitive to N and Nouter. The bottom panel shows that this
effect is small for this RRLyrae model. Section 2.4.4 shows a
case with a much larger sensitivity.
The default value of 600 time steps per pulsation cycle

works well for most cases, but smaller time steps are
recommended for models that include radiative cooling,
turbulent pressure, or turbulent flux, or develop violent
pulsations (e.g., the chaotic models of Section 2.4.3). We
stress that there is no unique choice of grid or time step that
will work for all applications or guarantees convergence. All
nonlinear modeling of variable stars should be accompanied by
sensitivity and convergence tests.

2.3. Current Limitations and Plans for the Future

RSP in its present form covers most of the classical instability
strip, including δCepheids, RRLyrae, high-amplitude δScuti,
and SXPhoenicis stars (see Figure 1), where a single or just a
few dominant radial modes are observed. RSP also has
applications outside of the classical instability strip as we show
below for BLAPs. For stars close to the main sequence (MS),
linear growth rates are very small, and thus, as we show below,

Figure 7. Bolometric light (top panel), radial velocity (middle panel), and radius curves (bottom panel) for an RRLyrae F-mode model (left; M=0.65 Me,
L=45 Le, Teff=6700 K, X=0.75, Z=0.0014) and two F-mode classical Cepheid models (M=4.15 Me, L=1400 Le, X=0.73, Z=0.007) at Teff=6000 K
(middle panel) and Teff=5700 K (right panel). The mass and luminosity for the Cepheid models are close to the values derived for OGLE-LMC-CEP-227 (Pilecki
et al. 2018). Each curve corresponds to a set of convective parameter values listed in Table 4. The mean magnitude of the bolometric light curves is set to zero. Light
curves are vertically offset by 0.3 mag, radial velocity curves by 10 km s−1, and radius curves by 0.2 Re (RRLyrae) or 1 Re (Cepheids).
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2.2.6. Artificial Viscosity Sensitivity

There are two parameters, αcut and Cq, that control the
Stellingwerf (1975) artificial viscosity, entering into the
definition of pav (see Table 1). Figure 9 shows the effect of
these parameters on light curves for the Teff=6000 K Cepheid
model. The value of Cq plays a minor role. For Cq=4, the top
panel shows that a different light curve develops only if
αcut=0.0, corresponding to artificial viscosity acting for very
small compressions, which leads to excessive dissipation that
quenches the pulsation amplitude. For αcut�0.01, the light
curves are similar and roughly have the same pulsation
amplitude. When αcut=0.1, artificial viscosity turns on only
for strong shocks, seen as the wiggle on the ascending branch
of the light curve. This choice (αcut=0.1) numerically
captures shocks without excessive dissipation, barely affecting
the light-curve shape and amplitude. While an artificial
viscosity modifies the velocity structure in the envelope at
each epoch, we find that these differences are smaller than the
differences for the bolometric light curves. The bottom panel
shows that the Tscharnuter & Winkler (1979) form of artificial
viscosity yields light curves with the same amplitude and
qualitatively the same shape. Small differences are apparent at
a shock-prone phase shortly before the maximum brightness.

2.2.7. Spatial and Temporal Sensitivity

Figure 10 shows the sensitivity of the bolometric light curve
to the total number of cells N, number of cells above the anchor
Nouter, anchor location Tanchor, and inner boundary location

Tinner for an RRLyrae model (M=0.65Me, L=50 Le,
Teff=7000 K, X=0.75, Z=0.0014) with convective para-
meter set A. For classical pulsators, Tinner is typically placed at
2×106 K, and common choices for Tanchor are 11,000 K or
15,000 K. The top panel shows that the light curves are weakly
sensitive to the choice of Tinner and Tanchor for this RRLyrae
model. Light and radial velocity curves are usually the most
sensitive to N and Nouter. The bottom panel shows that this
effect is small for this RRLyrae model. Section 2.4.4 shows a
case with a much larger sensitivity.
The default value of 600 time steps per pulsation cycle

works well for most cases, but smaller time steps are
recommended for models that include radiative cooling,
turbulent pressure, or turbulent flux, or develop violent
pulsations (e.g., the chaotic models of Section 2.4.3). We
stress that there is no unique choice of grid or time step that
will work for all applications or guarantees convergence. All
nonlinear modeling of variable stars should be accompanied by
sensitivity and convergence tests.

2.3. Current Limitations and Plans for the Future

RSP in its present form covers most of the classical instability
strip, including δCepheids, RRLyrae, high-amplitude δScuti,
and SXPhoenicis stars (see Figure 1), where a single or just a
few dominant radial modes are observed. RSP also has
applications outside of the classical instability strip as we show
below for BLAPs. For stars close to the main sequence (MS),
linear growth rates are very small, and thus, as we show below,

Figure 7. Bolometric light (top panel), radial velocity (middle panel), and radius curves (bottom panel) for an RRLyrae F-mode model (left; M=0.65 Me,
L=45 Le, Teff=6700 K, X=0.75, Z=0.0014) and two F-mode classical Cepheid models (M=4.15 Me, L=1400 Le, X=0.73, Z=0.007) at Teff=6000 K
(middle panel) and Teff=5700 K (right panel). The mass and luminosity for the Cepheid models are close to the values derived for OGLE-LMC-CEP-227 (Pilecki
et al. 2018). Each curve corresponds to a set of convective parameter values listed in Table 4. The mean magnitude of the bolometric light curves is set to zero. Light
curves are vertically offset by 0.3 mag, radial velocity curves by 10 km s−1, and radius curves by 0.2 Re (RRLyrae) or 1 Re (Cepheids).
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2.2.6. Artificial Viscosity Sensitivity

There are two parameters, αcut and Cq, that control the
Stellingwerf (1975) artificial viscosity, entering into the
definition of pav (see Table 1). Figure 9 shows the effect of
these parameters on light curves for the Teff=6000 K Cepheid
model. The value of Cq plays a minor role. For Cq=4, the top
panel shows that a different light curve develops only if
αcut=0.0, corresponding to artificial viscosity acting for very
small compressions, which leads to excessive dissipation that
quenches the pulsation amplitude. For αcut�0.01, the light
curves are similar and roughly have the same pulsation
amplitude. When αcut=0.1, artificial viscosity turns on only
for strong shocks, seen as the wiggle on the ascending branch
of the light curve. This choice (αcut=0.1) numerically
captures shocks without excessive dissipation, barely affecting
the light-curve shape and amplitude. While an artificial
viscosity modifies the velocity structure in the envelope at
each epoch, we find that these differences are smaller than the
differences for the bolometric light curves. The bottom panel
shows that the Tscharnuter & Winkler (1979) form of artificial
viscosity yields light curves with the same amplitude and
qualitatively the same shape. Small differences are apparent at
a shock-prone phase shortly before the maximum brightness.

2.2.7. Spatial and Temporal Sensitivity

Figure 10 shows the sensitivity of the bolometric light curve
to the total number of cells N, number of cells above the anchor
Nouter, anchor location Tanchor, and inner boundary location

Tinner for an RRLyrae model (M=0.65Me, L=50 Le,
Teff=7000 K, X=0.75, Z=0.0014) with convective para-
meter set A. For classical pulsators, Tinner is typically placed at
2×106 K, and common choices for Tanchor are 11,000 K or
15,000 K. The top panel shows that the light curves are weakly
sensitive to the choice of Tinner and Tanchor for this RRLyrae
model. Light and radial velocity curves are usually the most
sensitive to N and Nouter. The bottom panel shows that this
effect is small for this RRLyrae model. Section 2.4.4 shows a
case with a much larger sensitivity.
The default value of 600 time steps per pulsation cycle

works well for most cases, but smaller time steps are
recommended for models that include radiative cooling,
turbulent pressure, or turbulent flux, or develop violent
pulsations (e.g., the chaotic models of Section 2.4.3). We
stress that there is no unique choice of grid or time step that
will work for all applications or guarantees convergence. All
nonlinear modeling of variable stars should be accompanied by
sensitivity and convergence tests.

2.3. Current Limitations and Plans for the Future

RSP in its present form covers most of the classical instability
strip, including δCepheids, RRLyrae, high-amplitude δScuti,
and SXPhoenicis stars (see Figure 1), where a single or just a
few dominant radial modes are observed. RSP also has
applications outside of the classical instability strip as we show
below for BLAPs. For stars close to the main sequence (MS),
linear growth rates are very small, and thus, as we show below,

Figure 7. Bolometric light (top panel), radial velocity (middle panel), and radius curves (bottom panel) for an RRLyrae F-mode model (left; M=0.65 Me,
L=45 Le, Teff=6700 K, X=0.75, Z=0.0014) and two F-mode classical Cepheid models (M=4.15 Me, L=1400 Le, X=0.73, Z=0.007) at Teff=6000 K
(middle panel) and Teff=5700 K (right panel). The mass and luminosity for the Cepheid models are close to the values derived for OGLE-LMC-CEP-227 (Pilecki
et al. 2018). Each curve corresponds to a set of convective parameter values listed in Table 4. The mean magnitude of the bolometric light curves is set to zero. Light
curves are vertically offset by 0.3 mag, radial velocity curves by 10 km s−1, and radius curves by 0.2 Re (RRLyrae) or 1 Re (Cepheids).
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Figure 7. Model bolometric light curves assuming a canonical (upper panels) and a non-canonical (middle panels) ML relation, across the HP centre, for the 
labelled metallicity, period, and ef fecti ve temperature, αml = 1.5 and M = 7.6 M !. The lower panels show non-canonical model light curves across the HP 
centre for M = 6.4 M !. The labelled P20 is the ratio between the second o v ertone and fundamental mode periods (P2/P0). 

Figure 8. The same as in Fig. 7 but for radial velocity curves. 
lines mark the position of the bump before and after the HP centre 
for the 6.8 and 7.6 M ! model curv es, respectiv ely. Inspection of the 
bolometric light curves suggests that an increase of the model mass 
tends to mo v e the centre of the HP towards slightly longer periods, 
namely from around 10.35 d for 6.8 M ! to around 11.7 d for 7.6 M !. 

A similar trend is observed for the pulsation velocity curves, with the 
HP centre period changing from something between 10.5 and 11.0 d 
for 6.8 M ! to around 12.0 d for 7.6 M !. 

In order to investigate the effect of our assumption on the efficiency 
of superadiabatic convection, in Figs 5 and 6 we show the bolometric 

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/529/4/4210/7627460 by N
irupam

a Baw
dekar user on 06 January 2025

4216 M. Marconi et al. 

MNRAS 529, 4210–4233 (2024) 

Figure 7. Model bolometric light curves assuming a canonical (upper panels) and a non-canonical (middle panels) ML relation, across the HP centre, for the 
labelled metallicity, period, and ef fecti ve temperature, αml = 1.5 and M = 7.6 M !. The lower panels show non-canonical model light curves across the HP 
centre for M = 6.4 M !. The labelled P20 is the ratio between the second o v ertone and fundamental mode periods (P2/P0). 

Figure 8. The same as in Fig. 7 but for radial velocity curves. 
lines mark the position of the bump before and after the HP centre 
for the 6.8 and 7.6 M ! model curv es, respectiv ely. Inspection of the 
bolometric light curves suggests that an increase of the model mass 
tends to mo v e the centre of the HP towards slightly longer periods, 
namely from around 10.35 d for 6.8 M ! to around 11.7 d for 7.6 M !. 

A similar trend is observed for the pulsation velocity curves, with the 
HP centre period changing from something between 10.5 and 11.0 d 
for 6.8 M ! to around 12.0 d for 7.6 M !. 

In order to investigate the effect of our assumption on the efficiency 
of superadiabatic convection, in Figs 5 and 6 we show the bolometric 

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/529/4/4210/7627460 by N
irupam

a Baw
dekar user on 06 January 2025

Marconi+2024



Model fitting approachCEP0227: pulsation modelling 3

Fig. 1.— From top to bottom V- and I-band light curves and radial velocity curve. Open circles mark observations, while red lines display
nonlinear pulsation models constructed at fixed stellar mass (M=4.14M!) and chemical composition (Z=0.008, Y=0.25). From left to
right the different panels show pulsation models constructed assuming different values of the mean effective temperature (labeled values).
The luminosity of individual models was changed until predicted and observed period agreed with each other. The blue open circles mark
the best fit solution, according to the total rms, for this set of models. The apparent magnitudes of the light curves were transformed into
absolute magnitude using the true distance modulus and the reddening listed in Table 1.

The VMC survey – XXIII. Modelling of SMC CCs 3211

Figure 3. Model fitting procedure followed to estimate the best-fitting effective temperature for the Cepheid HV822. Photometry (left-hand panels) and radial
velocity (right-hand panels) are plotted for models with fixed stellar mass value (M = 7.0 M!) and varied effective temperature from Teff = 5270 to 5370 K.
The effective temperature of the best-fitting model (blue lines) is equal to the value that minimizes the χ2 functions of equations (1) and (2). As the mean error
bar for photometry is always <0.02 mag, we do not plot it for clarity reasons.

the pulsation period but without considering possible differences
in the evolutionary times (see e.g. Caputo et al. 2005; Neilson &
Lester 2008; Neilson et al. 2016, and references therein). In conclu-
sion, our results do not allow us to disentangle between mass-loss
and overshooting contributions to the observed overluminosity of
the investigated pulsators, leaving the possibility that a combination
of the two non-canonical phenomena might be at work.

5.2 The PR relation

The adopted non-linear hydrodynamical code also allows us to
model the variation of radius along the pulsation cycle for each
pulsation model. Once the radius curve is obtained, we are able to
derive the time-averaged mean radius and to correlate it with the
corresponding pulsation period. The location of the 11 best-fitting
models obtained in the previous section in the period–mean radius
diagram is shown in Fig. 9.

In this plot, F and FO best-fitting models are represented by black
solid and open circles, respectively; the red symbols correspond to
the SMC observed CCs with radii estimated by Storm et al. (2004).
The solid line is the theoretical linear regression for the complete
sample where the three FO periods have been fundamentalized.2

Unfortunately, no empirical SMC PR relation has been published
in the literature to be compared with our theoretical relation. The
dotted line depicts the linear relations derived by Molinaro et al.
(2012) on the basis of the CORS Baade–Wesselink method applied
to a sample of 11 Cepheids belonging to the young LMC blue
populous cluster NGC 1866, while the dashed line is the relation

2 We considered the period the star would have if it were a F pulsator. This
is computed by the linear pulsation code that is adopted to evaluate the
radial eigenfunctions and to provide the envelope structure for subsequent
non-linear pulsation computations (see Bono et al. 1999a, and references
therein)
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D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/466/3/3206/2712526 by Inter-U
niversity C

entre for Astronom
y and Astrophy user on 07 January 2025

The VMC survey – XXIII. Modelling of SMC CCs 3211
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velocity (right-hand panels) are plotted for models with fixed stellar mass value (M = 7.0 M!) and varied effective temperature from Teff = 5270 to 5370 K.
The effective temperature of the best-fitting model (blue lines) is equal to the value that minimizes the χ2 functions of equations (1) and (2). As the mean error
bar for photometry is always <0.02 mag, we do not plot it for clarity reasons.
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sion, our results do not allow us to disentangle between mass-loss
and overshooting contributions to the observed overluminosity of
the investigated pulsators, leaving the possibility that a combination
of the two non-canonical phenomena might be at work.

5.2 The PR relation

The adopted non-linear hydrodynamical code also allows us to
model the variation of radius along the pulsation cycle for each
pulsation model. Once the radius curve is obtained, we are able to
derive the time-averaged mean radius and to correlate it with the
corresponding pulsation period. The location of the 11 best-fitting
models obtained in the previous section in the period–mean radius
diagram is shown in Fig. 9.

In this plot, F and FO best-fitting models are represented by black
solid and open circles, respectively; the red symbols correspond to
the SMC observed CCs with radii estimated by Storm et al. (2004).
The solid line is the theoretical linear regression for the complete
sample where the three FO periods have been fundamentalized.2

Unfortunately, no empirical SMC PR relation has been published
in the literature to be compared with our theoretical relation. The
dotted line depicts the linear relations derived by Molinaro et al.
(2012) on the basis of the CORS Baade–Wesselink method applied
to a sample of 11 Cepheids belonging to the young LMC blue
populous cluster NGC 1866, while the dashed line is the relation

2 We considered the period the star would have if it were a F pulsator. This
is computed by the linear pulsation code that is adopted to evaluate the
radial eigenfunctions and to provide the envelope structure for subsequent
non-linear pulsation computations (see Bono et al. 1999a, and references
therein)
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Figure 1. Hertzsprung–Russell diagrams for the grids of models.
Each point is a stellar model whose light curve properties have
been computed.

the instability strip. The theoretical bolometric light curves
were converted into theoretical V, I light curves using static
model atmospheres by Castelli et al. (1997). All models were
followed until a stable fundamental model limit cycle was
achieved. This procedure also resulted in a theoretical non-
linear period for each model. Bhardwaj et al. (2017) and Das
et al. (2018) presented an analysis of the characteristics of
the light curve structure for the models used in this study.

Figure 1 displays the input“data”: an HR diagram of the
two grids of models (one for Cepheids and RR Lyraes respec-
tively). Figure 2 presents the period–radius and period–mass
relations displayed by the models. The radius is strongly con-
strained by the period, with some scatter (especially in the
RR Lyrae case) due to mass. These relations are essentially
consequences of the period–mean density relation.

The observational data used in this study are again de-
scribed in Bhardwaj et al. (2017) and Das et al. (2018),
and consist of V- and I-band data from the fourth phase
of the Optical Gravitational Lensing Experiment (OGLE-
IV, Soszyński et al. 2014, 2015, 2016) for fundamental mode
Cepheids in the LMC and RR Lyraes in the LMC, SMC,
and Galactic bulge. A Fourier decomposition according to
Equation 1 was applied to the data to obtain the Fourier
parameters (Ak, �k). Furthermore, the skewness and acute-
ness of each light curve was computed. The adopted periods
were taken from the OGLE catalog.

3 METHODOLOGY

Our methodology is to use modern methods from informa-
tion theory, computer science, and artificial intelligence to
look for relations connecting the period and measures of light
curve structure to fundamental stellar parameters based
on theoretical models. This approach follows similar recent
works on the asteroseismology of solar-like stars (Bellinger
et al. 2016, 2019; Verma et al. 2016; Angelou et al. 2017).
After discussing the statistical significance of these relations
and, in particular, the merit of light curve structure in es-
timating fundamental parameters, we apply these relations,
developed from purely theoretical data, to observations from
OGLE-IV.

The grid of theoretical models have been computed via
a forward function f defined as

f (M, L, R,Te↵, . . .) = [period, light curve structure] (2)

with f representing the equations of stellar pulsation radia-
tion hydrodynamics. The light curve structure contains the
I- and V-band amplitudes, acutenesses, skewnesses, and the
coe�cients A1, A2, and A3.

We now wish to invert this relation. In particular, we
seek the function g = f �1, i.e.,

g(period, light curve structure) = [M, L, R,Te↵, . . .] (3)

which is not guaranteed to exist. To approximate this func-
tion we use an artificial neural network (ANN) trained
using scikit-learn (Pedregosa et al. 2011) on the grid of
theoretical models (for an overview of ANNs, see, e.g.,
Hastie et al. 2005). We employ two hidden layers, with
each having 100 hidden neurons containing rectified linear
unit (ReLU, Nair & Hinton 2010) activation functions. We
train the ANN using the limited-memory Broyden–Fletcher–
Goldfarb–Shanno algorithm (L-BFGS, Liu & Nocedal 1989)
until the squared loss reached a tolerance of 10�7. We use
L2 regularization to penalize large network weights, which
reduces the impact of non-relevant attributes. We use a reg-
ularization tuning parameter of 0.0001, but we note that dif-
ferent choices for this parameter make little impact on the
results. As ANNs are sensitive to data scalings, we prepro-
cess every variable by subtracting the median and dividing
by the median absolute deviation.

3.1 Model Assessment

We now seek to evaluate how well the ANN can predict
physical parameters based on the theoretical models and
using the theoretical period and light curve structure. As a
baseline, we will compare with a linear model (LM) based
on the logarithm of the period, e.g.,

y = a + b log P (4)

where y is a quantity we wish to estimate (e.g., radius) and a
and b are the coe�cients of the fit. We will evaluate these es-
timator models using two-fold cross validation. This method
works by fitting the estimator using half of the theoretical
models, and then subsequently estimating the parameters of
the left-out models. The procedure is then repeated by swap-
ping the training set with the testing set. Cross validation
helps to assess whether the ANN is over-fitting the training
data, as in that case it would produce poor assessments on
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light curves (in this case for classical Cepheids) using Fourier
decomposition. Feuchtinger & Dorfi (1997) and Kovacs &
Kanbur (1998) amongst others compared theoretical model
light curves of RR Lyraes to observations. These studies
found, for example, that Fourier methods could help under-
standing the Hertzsprung progression of the so called“bump
Cepheids” (e.g., Bono et al. 2002) and outline regions where
the models agreed with observations. Bhardwaj et al. (2017)
and Das et al. (2018) describe the latest in this area for
Cepheids and RR Lyraes respectively. Bhardwaj et al. (2017)
found that theoretical Fourier amplitude parameters are sig-
nificantly larger at optical wavelengths when compared to
observations, and that a higher convective e�ciency param-
eter in the models can resolve this discrepancy.

The Fourier decomposition entails fitting light curves
(theoretical and observed alike) with a function of the form

M(t) = A0 +
N’
k=1

Ak cos (k!t + �k ) (1)

where M is the magnitude, t is the time of observation,
and ! = 2⇡/P, with P being the period of pulsation. The
quantities A0, . . . AN and �1, . . . �N describe the structure
of the light curve and can be used to quantitatively com-
pare between observed and theoretical light curves. In ad-
dition, one can consider derived features of the light curve,
such as the skewness and acuteness. Skewness is the ratio
of the phase duration of the descending branch to the ris-
ing branch (not to be confused with the definition of the
skewness of a statistical distribution), while acuteness is the
ratio of the phase duration when the magnitude is fainter
than the median magnitude to when it is brighter than the
median magnitude (Bono et al. 2000; Bhardwaj et al. 2015).
In brief, skewness defines left/right asymmetry in the light
curve, and acuteness defines top/down asymmetry. For a
pure sinusoidal curve both values are unity.

Additionally, there have been a number of attempts to
connect light curve structure to internal physics, perhaps
most notably being the connection of the Fourier param-
eter �31 ⌘ �3 � 3�1 to the metallicity of RR Lyrae stars.
Initially this was a model dependent approach (Simon &
Clement 1993) applied to observational data, but was later
developed into a completely empirical technique (Jurcsik &
Kovacs 1996). This latter relation has had several revisions
and extensions (e.g., Smolec 2005; Klagyivik et al. 2013;
Nemec et al. 2013). Pulsation models have also been used
to estimate global physical parameters in past work. For
example, Wood et al. (1997) performed the first applica-
tion of the light curve model fitting technique to a Classical
Cepheid. Subsequently Bono et al. (2002), Keller & Wood
(2002, 2006) and Marconi et al. (2013a) applied this tech-
nique to Large Magellanic Cloud (LMC) Cepheids, includ-
ing the fitting of the radial velocity curve when available
(Marconi et al. 2013a), while (Natale et al. 2008) applied
the model fitting technique to the light, radial velocity and
radius curve of � Cephei. Marconi et al. (2013b) estimated
physical parameters for a Cepheid in a binary systems using
a grid of models to match the observed light, radial velocity
and radius curves. More recently, Marconi et al. (2017) fit
multiband infrared light and velocity curve observations of
Cepheids in the Small Magellanic Cloud (SMC) with a grid
of pulsation models to obtain a distance to the SMC that is

consistent with the latest estimates. The same technique was
also successfully applied to field and cluster RR Lyrae (see,
e.g., Marconi & Clementini 2005; Marconi & Degl’Innocenti
2007, and references therein).

In this work, we build on these studies in the following
way. We make the following assumptions: given the mass
M, luminosity L, e↵ective temperature Te↵ and composi-
tion, we can determine the period and light curve structure
through a forward modeling process, i.e., a stellar pulsation
radiation hydrodynamics code, and that this forward mod-
elling process is at least approximately correct. Given this,
we study the extent to which the period and, in particu-
lar, light curve structure, can help to constrain these funda-
mental parameters M, L,Te↵ and parameters derived thereof,
such as the stellar radius or absolute magnitudes in di↵er-
ent passbands. We first look for connections between these
parameters and the period and light curve structure purely
amongst our model grid, assess the statistical significance
of adding light curve structure measures to our set of inde-
pendent variables, and then apply our relations to observed
Cepheid and RR Lyrae stars.

The layout of the paper is as follows. In Section 2 we
describe the adopted theoretical models and observational
data. In Section 3 we describe the methodology of our ma-
chine learning-based approach and demonstrate on theoret-
ical models that the use of information contained within the
light curve structure significantly improves estimates of fun-
damental stellar parameters. In Section 4 we apply this anal-
ysis to stars in the Galactic bulge as well as the Magellanic
Clouds and present estimates of the fundamental parame-
ters of these stars. Finally, we discuss our results and finish
with a discussion about possible next steps.

2 MODELS AND DATA

We use nonlinear 1D models of Cepheids and RR Lyraes
that include a non-local, time-dependent theory of convec-
tion (Bono et al. 1999a; Marconi et al. 2013a, 2015, 2018,
and references therein). On this basis relations connecting
the period to intrinsic stellar parameters such as the lumi-
nosity, the e↵ective temperature, the mass and the metallic-
ity have been derived (see, e.g., Bono et al. 1999b; Caputo
et al. 2000; Marconi et al. 2015; Braga et al. 2015). In this
work we seek to extend these linear relations by looking for
non-linear relations that incorporate measures of light curve
structure.

In the Cepheid case, the model grid composition is ap-
propriate for the LMC, i.e., Y = 0.25 and Z = 0.008. For
each mass, the luminosity is given by the canonical mass–
luminosity (ML) relation given by Bono et al. (2000). We
also have models with a brighter luminosity (by 0.25 dex)
level to account for mild overshooting. In total we use 391
Cepheid models.

In the RR Lyrae case, the models have metallicities
ranging from Z = 0.0001 to Z = 0.02 and helium abundances
ranging from Y = 0.245 to Y = 0.27. Each composition has
several sets of masses and luminosities fixed according to
core helium burning horizontal branch evolutionary models.
In total we use 269 RR Lyrae models.

For both Cepheids and RR Lyraes, the range of e↵ec-
tive temperatures for a given ML pair covers the width of
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Figure 1. Hertzsprung–Russell diagrams for the grids of models.
Each point is a stellar model whose light curve properties have
been computed.

the instability strip. The theoretical bolometric light curves
were converted into theoretical V, I light curves using static
model atmospheres by Castelli et al. (1997). All models were
followed until a stable fundamental model limit cycle was
achieved. This procedure also resulted in a theoretical non-
linear period for each model. Bhardwaj et al. (2017) and Das
et al. (2018) presented an analysis of the characteristics of
the light curve structure for the models used in this study.

Figure 1 displays the input“data”: an HR diagram of the
two grids of models (one for Cepheids and RR Lyraes respec-
tively). Figure 2 presents the period–radius and period–mass
relations displayed by the models. The radius is strongly con-
strained by the period, with some scatter (especially in the
RR Lyrae case) due to mass. These relations are essentially
consequences of the period–mean density relation.

The observational data used in this study are again de-
scribed in Bhardwaj et al. (2017) and Das et al. (2018),
and consist of V- and I-band data from the fourth phase
of the Optical Gravitational Lensing Experiment (OGLE-
IV, Soszyński et al. 2014, 2015, 2016) for fundamental mode
Cepheids in the LMC and RR Lyraes in the LMC, SMC,
and Galactic bulge. A Fourier decomposition according to
Equation 1 was applied to the data to obtain the Fourier
parameters (Ak, �k). Furthermore, the skewness and acute-
ness of each light curve was computed. The adopted periods
were taken from the OGLE catalog.

3 METHODOLOGY

Our methodology is to use modern methods from informa-
tion theory, computer science, and artificial intelligence to
look for relations connecting the period and measures of light
curve structure to fundamental stellar parameters based
on theoretical models. This approach follows similar recent
works on the asteroseismology of solar-like stars (Bellinger
et al. 2016, 2019; Verma et al. 2016; Angelou et al. 2017).
After discussing the statistical significance of these relations
and, in particular, the merit of light curve structure in es-
timating fundamental parameters, we apply these relations,
developed from purely theoretical data, to observations from
OGLE-IV.

The grid of theoretical models have been computed via
a forward function f defined as

f (M, L, R,Te↵, . . .) = [period, light curve structure] (2)

with f representing the equations of stellar pulsation radia-
tion hydrodynamics. The light curve structure contains the
I- and V-band amplitudes, acutenesses, skewnesses, and the
coe�cients A1, A2, and A3.

We now wish to invert this relation. In particular, we
seek the function g = f �1, i.e.,

g(period, light curve structure) = [M, L, R,Te↵, . . .] (3)

which is not guaranteed to exist. To approximate this func-
tion we use an artificial neural network (ANN) trained
using scikit-learn (Pedregosa et al. 2011) on the grid of
theoretical models (for an overview of ANNs, see, e.g.,
Hastie et al. 2005). We employ two hidden layers, with
each having 100 hidden neurons containing rectified linear
unit (ReLU, Nair & Hinton 2010) activation functions. We
train the ANN using the limited-memory Broyden–Fletcher–
Goldfarb–Shanno algorithm (L-BFGS, Liu & Nocedal 1989)
until the squared loss reached a tolerance of 10�7. We use
L2 regularization to penalize large network weights, which
reduces the impact of non-relevant attributes. We use a reg-
ularization tuning parameter of 0.0001, but we note that dif-
ferent choices for this parameter make little impact on the
results. As ANNs are sensitive to data scalings, we prepro-
cess every variable by subtracting the median and dividing
by the median absolute deviation.

3.1 Model Assessment

We now seek to evaluate how well the ANN can predict
physical parameters based on the theoretical models and
using the theoretical period and light curve structure. As a
baseline, we will compare with a linear model (LM) based
on the logarithm of the period, e.g.,

y = a + b log P (4)

where y is a quantity we wish to estimate (e.g., radius) and a
and b are the coe�cients of the fit. We will evaluate these es-
timator models using two-fold cross validation. This method
works by fitting the estimator using half of the theoretical
models, and then subsequently estimating the parameters of
the left-out models. The procedure is then repeated by swap-
ping the training set with the testing set. Cross validation
helps to assess whether the ANN is over-fitting the training
data, as in that case it would produce poor assessments on
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Figure 1. Hertzsprung–Russell diagrams for the grids of models.
Each point is a stellar model whose light curve properties have
been computed.

the instability strip. The theoretical bolometric light curves
were converted into theoretical V, I light curves using static
model atmospheres by Castelli et al. (1997). All models were
followed until a stable fundamental model limit cycle was
achieved. This procedure also resulted in a theoretical non-
linear period for each model. Bhardwaj et al. (2017) and Das
et al. (2018) presented an analysis of the characteristics of
the light curve structure for the models used in this study.

Figure 1 displays the input“data”: an HR diagram of the
two grids of models (one for Cepheids and RR Lyraes respec-
tively). Figure 2 presents the period–radius and period–mass
relations displayed by the models. The radius is strongly con-
strained by the period, with some scatter (especially in the
RR Lyrae case) due to mass. These relations are essentially
consequences of the period–mean density relation.

The observational data used in this study are again de-
scribed in Bhardwaj et al. (2017) and Das et al. (2018),
and consist of V- and I-band data from the fourth phase
of the Optical Gravitational Lensing Experiment (OGLE-
IV, Soszyński et al. 2014, 2015, 2016) for fundamental mode
Cepheids in the LMC and RR Lyraes in the LMC, SMC,
and Galactic bulge. A Fourier decomposition according to
Equation 1 was applied to the data to obtain the Fourier
parameters (Ak, �k). Furthermore, the skewness and acute-
ness of each light curve was computed. The adopted periods
were taken from the OGLE catalog.

3 METHODOLOGY

Our methodology is to use modern methods from informa-
tion theory, computer science, and artificial intelligence to
look for relations connecting the period and measures of light
curve structure to fundamental stellar parameters based
on theoretical models. This approach follows similar recent
works on the asteroseismology of solar-like stars (Bellinger
et al. 2016, 2019; Verma et al. 2016; Angelou et al. 2017).
After discussing the statistical significance of these relations
and, in particular, the merit of light curve structure in es-
timating fundamental parameters, we apply these relations,
developed from purely theoretical data, to observations from
OGLE-IV.

The grid of theoretical models have been computed via
a forward function f defined as

f (M, L, R,Te↵, . . .) = [period, light curve structure] (2)

with f representing the equations of stellar pulsation radia-
tion hydrodynamics. The light curve structure contains the
I- and V-band amplitudes, acutenesses, skewnesses, and the
coe�cients A1, A2, and A3.

We now wish to invert this relation. In particular, we
seek the function g = f �1, i.e.,

g(period, light curve structure) = [M, L, R,Te↵, . . .] (3)

which is not guaranteed to exist. To approximate this func-
tion we use an artificial neural network (ANN) trained
using scikit-learn (Pedregosa et al. 2011) on the grid of
theoretical models (for an overview of ANNs, see, e.g.,
Hastie et al. 2005). We employ two hidden layers, with
each having 100 hidden neurons containing rectified linear
unit (ReLU, Nair & Hinton 2010) activation functions. We
train the ANN using the limited-memory Broyden–Fletcher–
Goldfarb–Shanno algorithm (L-BFGS, Liu & Nocedal 1989)
until the squared loss reached a tolerance of 10�7. We use
L2 regularization to penalize large network weights, which
reduces the impact of non-relevant attributes. We use a reg-
ularization tuning parameter of 0.0001, but we note that dif-
ferent choices for this parameter make little impact on the
results. As ANNs are sensitive to data scalings, we prepro-
cess every variable by subtracting the median and dividing
by the median absolute deviation.

3.1 Model Assessment

We now seek to evaluate how well the ANN can predict
physical parameters based on the theoretical models and
using the theoretical period and light curve structure. As a
baseline, we will compare with a linear model (LM) based
on the logarithm of the period, e.g.,

y = a + b log P (4)

where y is a quantity we wish to estimate (e.g., radius) and a
and b are the coe�cients of the fit. We will evaluate these es-
timator models using two-fold cross validation. This method
works by fitting the estimator using half of the theoretical
models, and then subsequently estimating the parameters of
the left-out models. The procedure is then repeated by swap-
ping the training set with the testing set. Cross validation
helps to assess whether the ANN is over-fitting the training
data, as in that case it would produce poor assessments on
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Figure 1. Hertzsprung–Russell diagrams for the grids of models.
Each point is a stellar model whose light curve properties have
been computed.

the instability strip. The theoretical bolometric light curves
were converted into theoretical V, I light curves using static
model atmospheres by Castelli et al. (1997). All models were
followed until a stable fundamental model limit cycle was
achieved. This procedure also resulted in a theoretical non-
linear period for each model. Bhardwaj et al. (2017) and Das
et al. (2018) presented an analysis of the characteristics of
the light curve structure for the models used in this study.

Figure 1 displays the input“data”: an HR diagram of the
two grids of models (one for Cepheids and RR Lyraes respec-
tively). Figure 2 presents the period–radius and period–mass
relations displayed by the models. The radius is strongly con-
strained by the period, with some scatter (especially in the
RR Lyrae case) due to mass. These relations are essentially
consequences of the period–mean density relation.

The observational data used in this study are again de-
scribed in Bhardwaj et al. (2017) and Das et al. (2018),
and consist of V- and I-band data from the fourth phase
of the Optical Gravitational Lensing Experiment (OGLE-
IV, Soszyński et al. 2014, 2015, 2016) for fundamental mode
Cepheids in the LMC and RR Lyraes in the LMC, SMC,
and Galactic bulge. A Fourier decomposition according to
Equation 1 was applied to the data to obtain the Fourier
parameters (Ak, �k). Furthermore, the skewness and acute-
ness of each light curve was computed. The adopted periods
were taken from the OGLE catalog.

3 METHODOLOGY

Our methodology is to use modern methods from informa-
tion theory, computer science, and artificial intelligence to
look for relations connecting the period and measures of light
curve structure to fundamental stellar parameters based
on theoretical models. This approach follows similar recent
works on the asteroseismology of solar-like stars (Bellinger
et al. 2016, 2019; Verma et al. 2016; Angelou et al. 2017).
After discussing the statistical significance of these relations
and, in particular, the merit of light curve structure in es-
timating fundamental parameters, we apply these relations,
developed from purely theoretical data, to observations from
OGLE-IV.

The grid of theoretical models have been computed via
a forward function f defined as

f (M, L, R,Te↵, . . .) = [period, light curve structure] (2)

with f representing the equations of stellar pulsation radia-
tion hydrodynamics. The light curve structure contains the
I- and V-band amplitudes, acutenesses, skewnesses, and the
coe�cients A1, A2, and A3.

We now wish to invert this relation. In particular, we
seek the function g = f �1, i.e.,

g(period, light curve structure) = [M, L, R,Te↵, . . .] (3)

which is not guaranteed to exist. To approximate this func-
tion we use an artificial neural network (ANN) trained
using scikit-learn (Pedregosa et al. 2011) on the grid of
theoretical models (for an overview of ANNs, see, e.g.,
Hastie et al. 2005). We employ two hidden layers, with
each having 100 hidden neurons containing rectified linear
unit (ReLU, Nair & Hinton 2010) activation functions. We
train the ANN using the limited-memory Broyden–Fletcher–
Goldfarb–Shanno algorithm (L-BFGS, Liu & Nocedal 1989)
until the squared loss reached a tolerance of 10�7. We use
L2 regularization to penalize large network weights, which
reduces the impact of non-relevant attributes. We use a reg-
ularization tuning parameter of 0.0001, but we note that dif-
ferent choices for this parameter make little impact on the
results. As ANNs are sensitive to data scalings, we prepro-
cess every variable by subtracting the median and dividing
by the median absolute deviation.

3.1 Model Assessment

We now seek to evaluate how well the ANN can predict
physical parameters based on the theoretical models and
using the theoretical period and light curve structure. As a
baseline, we will compare with a linear model (LM) based
on the logarithm of the period, e.g.,

y = a + b log P (4)

where y is a quantity we wish to estimate (e.g., radius) and a
and b are the coe�cients of the fit. We will evaluate these es-
timator models using two-fold cross validation. This method
works by fitting the estimator using half of the theoretical
models, and then subsequently estimating the parameters of
the left-out models. The procedure is then repeated by swap-
ping the training set with the testing set. Cross validation
helps to assess whether the ANN is over-fitting the training
data, as in that case it would produce poor assessments on
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Figure 1. Hertzsprung–Russell diagrams for the grids of models.
Each point is a stellar model whose light curve properties have
been computed.

the instability strip. The theoretical bolometric light curves
were converted into theoretical V, I light curves using static
model atmospheres by Castelli et al. (1997). All models were
followed until a stable fundamental model limit cycle was
achieved. This procedure also resulted in a theoretical non-
linear period for each model. Bhardwaj et al. (2017) and Das
et al. (2018) presented an analysis of the characteristics of
the light curve structure for the models used in this study.

Figure 1 displays the input“data”: an HR diagram of the
two grids of models (one for Cepheids and RR Lyraes respec-
tively). Figure 2 presents the period–radius and period–mass
relations displayed by the models. The radius is strongly con-
strained by the period, with some scatter (especially in the
RR Lyrae case) due to mass. These relations are essentially
consequences of the period–mean density relation.

The observational data used in this study are again de-
scribed in Bhardwaj et al. (2017) and Das et al. (2018),
and consist of V- and I-band data from the fourth phase
of the Optical Gravitational Lensing Experiment (OGLE-
IV, Soszyński et al. 2014, 2015, 2016) for fundamental mode
Cepheids in the LMC and RR Lyraes in the LMC, SMC,
and Galactic bulge. A Fourier decomposition according to
Equation 1 was applied to the data to obtain the Fourier
parameters (Ak, �k). Furthermore, the skewness and acute-
ness of each light curve was computed. The adopted periods
were taken from the OGLE catalog.

3 METHODOLOGY

Our methodology is to use modern methods from informa-
tion theory, computer science, and artificial intelligence to
look for relations connecting the period and measures of light
curve structure to fundamental stellar parameters based
on theoretical models. This approach follows similar recent
works on the asteroseismology of solar-like stars (Bellinger
et al. 2016, 2019; Verma et al. 2016; Angelou et al. 2017).
After discussing the statistical significance of these relations
and, in particular, the merit of light curve structure in es-
timating fundamental parameters, we apply these relations,
developed from purely theoretical data, to observations from
OGLE-IV.

The grid of theoretical models have been computed via
a forward function f defined as

f (M, L, R,Te↵, . . .) = [period, light curve structure] (2)

with f representing the equations of stellar pulsation radia-
tion hydrodynamics. The light curve structure contains the
I- and V-band amplitudes, acutenesses, skewnesses, and the
coe�cients A1, A2, and A3.

We now wish to invert this relation. In particular, we
seek the function g = f �1, i.e.,

g(period, light curve structure) = [M, L, R,Te↵, . . .] (3)

which is not guaranteed to exist. To approximate this func-
tion we use an artificial neural network (ANN) trained
using scikit-learn (Pedregosa et al. 2011) on the grid of
theoretical models (for an overview of ANNs, see, e.g.,
Hastie et al. 2005). We employ two hidden layers, with
each having 100 hidden neurons containing rectified linear
unit (ReLU, Nair & Hinton 2010) activation functions. We
train the ANN using the limited-memory Broyden–Fletcher–
Goldfarb–Shanno algorithm (L-BFGS, Liu & Nocedal 1989)
until the squared loss reached a tolerance of 10�7. We use
L2 regularization to penalize large network weights, which
reduces the impact of non-relevant attributes. We use a reg-
ularization tuning parameter of 0.0001, but we note that dif-
ferent choices for this parameter make little impact on the
results. As ANNs are sensitive to data scalings, we prepro-
cess every variable by subtracting the median and dividing
by the median absolute deviation.

3.1 Model Assessment

We now seek to evaluate how well the ANN can predict
physical parameters based on the theoretical models and
using the theoretical period and light curve structure. As a
baseline, we will compare with a linear model (LM) based
on the logarithm of the period, e.g.,

y = a + b log P (4)

where y is a quantity we wish to estimate (e.g., radius) and a
and b are the coe�cients of the fit. We will evaluate these es-
timator models using two-fold cross validation. This method
works by fitting the estimator using half of the theoretical
models, and then subsequently estimating the parameters of
the left-out models. The procedure is then repeated by swap-
ping the training set with the testing set. Cross validation
helps to assess whether the ANN is over-fitting the training
data, as in that case it would produce poor assessments on
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trophysics (MESA; Paxton et al. 2011 , 2013 , 2015 , 2018 , 2019 ) can 
also be used to generate the light curves of radially pulsating variable 
stars. 

The theoretical light curves generated from the available pulsation 
models have been utilized to investigate pulsation properties, derive 
PLZ relations, and provide a quantitative comparison with the 
observed light curves of Cepheid and RR Lyrae variables (Bono, 
Castellani & Marconi 2000b ; Keller & Wood 2002 ; Caputo et al. 
2004 ; Marconi & Clementini 2005 ; Marconi & Degl’Innocenti 2007 ; 
Natale, Marconi & Bono 2008 ; Marconi et al. 2013 , 2015 , 2017 ; 
Bhardwaj et al. 2017a ; Das et al. 2018 ; Ragosta et al. 2019 ; Bellinger 
et al. 2020 ; Das et al. 2020 ). 

Ho we ver, generating a model light curve from the given input 
parameters is still a computationally e xpensiv e problem, since it 
involv es solving comple x hydrodynamical equations. The processing 
time has been reduced significantly with modern computational 
facilities, but theoretical light curves for a fine grid of pulsation 
models co v ering the entire parameter space are still not feasible. 
A smooth grid of pulsation models of RR Lyrae and Cepheids is 
crucial to predict the physical parameters of these variables either 
through a model-fitting approach (Marconi et al. 2013 ) or using 
an automated comparison with observed light curves (Bellinger 
et al. 2020 ). Bellinger et al. ( 2020 ) obtained a catalogue of physical 
parameters for observed stars by applying machine-learning methods 
to the available Cepheid and RR Lyrae models, but the accuracy 
of physical parameters was limited due to the small number of 
models in the grid. These authors trained a neural network with light- 
curve structure parameters like I - and V- band amplitudes, acuteness, 
ske wness, and Fourier coef ficients A 1 , A 2 , A 3 (see e.g. Deb & Singh 
2009 ; Bhardwaj et al. 2015 ) along with the period as input to predict 
the physical parameters of the model including mass ( M ), luminosity 
( L ), radius ( R ), ef fecti ve temperature ( T eff ). The theoretical light 
curves computed by Marconi et al. ( 2015 ) & Das et al. ( 2018 ) were 
used for this analysis. They choose the input parameters based on 
the feature importance study using another ML algorithm, namely 
Random Forest (RF). The error on the derived parameters is estimated 
by perturbing the light-curve parameters with random noise 100 times 
and passing them through the ANN. 

In this study, we utilized a previously generated grid of models and 
employed modern automated methods to infer light curves. This was 
done by training an artificial neural network (ANN) using models 
from Marconi et al. ( 2015 ) and Das et al. ( 2018 ) to predict light 
curves based on a set of input parameters. This approach eliminates 
the need to solve complex time-dependent equations and can generate 
predictions much more efficiently. 

The paper is organized as follows. The introduction of ANNs and 
quantitativ e F ourier analysis is presented in Section 2 . The input and 
observational data sets used for network training and comparison are 
described in Section 3 . The tuning of the network architecture and 
training of the final interpolators in both I and V bands is discussed 
in Section 4 . The validity of the trained interpolators is tested by 
comparing the newly generated model light curves with the ANN- 
predicted models in Section 4.5 . In Section 5 , the comparison of 
Fourier parameters between observed and predicted light curves of 
LMC and SMC in both I and V bands is discussed, and the distances 
to these galaxies are estimated. The applications of the trained 
interpolators are explored in Section 6 , including a comparison of the 
observed and predicted V band light curve of a variable star (EZ Cnc) 
and the determination of its distance in Section 6.1 . A smooth grid 
of light curve templates in I and V bands is generated using the ANN 
interpolators in Section 6.2 . The results of the study are summarized 
in Section 7 . 

Figure 1. A representation of an ANN with n inputs, two hidden layers 
having n 1 and n 2 neurons, respectively, and an output layer with m neurons. 
a 0 represents the bias terms in respective layers. The summation and non- 
linearity nodes are omitted for the sake of clarity. 
2  M E T H O D O L O G Y  
The theoretical grid of models can be thought of as being generated 
via a function f defined as 
f ( x ; w ) = [ light-curve ] . 
where x is a combination of physical parameters of the stars, such as 
M , L , T eff , X (hydrogen abundance ratio) and Z (metal abundance 
ratio), the period and a few other parameters including mixing 
length, radiative cooling, convective and turbulent flux parameters. 
Interested readers may refer to Marconi et al. ( 2015 ) and references 
therein for a better understanding of the input parameters required 
for the generation of light curves. Here, w are fitting parameters. 
If we assume that the function ‘ f ’ exists and is continuous and 
differentiable in parameter space: an ANN with one or more hidden 
layers can reproduce this function. Theoretically, Cybenko ( 1989 ), 
Hornik, Stinchcombe & White ( 1989 ), and Hornik ( 1991 ) showed 
that ANN with a non-linearly acti v ated hidden layer can approximate 
any continuous function with arbitrary accuracy when provided with 
enough neurons in the hidden layer. In addition, ANNs are flexible 
in the choice of architecture, and optimization algorithms, and are 
simple to implement. They also provide the possibility transfer 
learning and therefore is useful in the case of re-training the model 
with updated data. 
2.1 Artificial neural network 
We employ the simplest neural network which is a feed-forward, 
fully connected neural network. The smallest unit of the network, 
the neuron (or a perceptron) is a mathematical unit that calculates 
the weighted sum of all the neurons that are previously connected 
to it and feeds this output to all the neurons in the next layer after 
applying a non-linear acti v ation function ( σ ) (see Fig. 1 ). The value 
of i th neuron in k th layer is calculated by 
a ( k) 

i = σ ( k)  
 n k −1 ∑ 

j= 0 w ( k−1) 
ij a ( k−1) 

j 
 
 , for 1 ≤ i ≤ n k , (1) 

with, 
a ( k) 

0 = 1 , (2) 
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Figure 1. Hertzsprung–Russell diagrams for the grids of models.
Each point is a stellar model whose light curve properties have
been computed.

the instability strip. The theoretical bolometric light curves
were converted into theoretical V, I light curves using static
model atmospheres by Castelli et al. (1997). All models were
followed until a stable fundamental model limit cycle was
achieved. This procedure also resulted in a theoretical non-
linear period for each model. Bhardwaj et al. (2017) and Das
et al. (2018) presented an analysis of the characteristics of
the light curve structure for the models used in this study.

Figure 1 displays the input“data”: an HR diagram of the
two grids of models (one for Cepheids and RR Lyraes respec-
tively). Figure 2 presents the period–radius and period–mass
relations displayed by the models. The radius is strongly con-
strained by the period, with some scatter (especially in the
RR Lyrae case) due to mass. These relations are essentially
consequences of the period–mean density relation.

The observational data used in this study are again de-
scribed in Bhardwaj et al. (2017) and Das et al. (2018),
and consist of V- and I-band data from the fourth phase
of the Optical Gravitational Lensing Experiment (OGLE-
IV, Soszyński et al. 2014, 2015, 2016) for fundamental mode
Cepheids in the LMC and RR Lyraes in the LMC, SMC,
and Galactic bulge. A Fourier decomposition according to
Equation 1 was applied to the data to obtain the Fourier
parameters (Ak, �k). Furthermore, the skewness and acute-
ness of each light curve was computed. The adopted periods
were taken from the OGLE catalog.

3 METHODOLOGY

Our methodology is to use modern methods from informa-
tion theory, computer science, and artificial intelligence to
look for relations connecting the period and measures of light
curve structure to fundamental stellar parameters based
on theoretical models. This approach follows similar recent
works on the asteroseismology of solar-like stars (Bellinger
et al. 2016, 2019; Verma et al. 2016; Angelou et al. 2017).
After discussing the statistical significance of these relations
and, in particular, the merit of light curve structure in es-
timating fundamental parameters, we apply these relations,
developed from purely theoretical data, to observations from
OGLE-IV.

The grid of theoretical models have been computed via
a forward function f defined as

f (M, L, R,Te↵, . . .) = [period, light curve structure] (2)

with f representing the equations of stellar pulsation radia-
tion hydrodynamics. The light curve structure contains the
I- and V-band amplitudes, acutenesses, skewnesses, and the
coe�cients A1, A2, and A3.

We now wish to invert this relation. In particular, we
seek the function g = f �1, i.e.,

g(period, light curve structure) = [M, L, R,Te↵, . . .] (3)

which is not guaranteed to exist. To approximate this func-
tion we use an artificial neural network (ANN) trained
using scikit-learn (Pedregosa et al. 2011) on the grid of
theoretical models (for an overview of ANNs, see, e.g.,
Hastie et al. 2005). We employ two hidden layers, with
each having 100 hidden neurons containing rectified linear
unit (ReLU, Nair & Hinton 2010) activation functions. We
train the ANN using the limited-memory Broyden–Fletcher–
Goldfarb–Shanno algorithm (L-BFGS, Liu & Nocedal 1989)
until the squared loss reached a tolerance of 10�7. We use
L2 regularization to penalize large network weights, which
reduces the impact of non-relevant attributes. We use a reg-
ularization tuning parameter of 0.0001, but we note that dif-
ferent choices for this parameter make little impact on the
results. As ANNs are sensitive to data scalings, we prepro-
cess every variable by subtracting the median and dividing
by the median absolute deviation.

3.1 Model Assessment

We now seek to evaluate how well the ANN can predict
physical parameters based on the theoretical models and
using the theoretical period and light curve structure. As a
baseline, we will compare with a linear model (LM) based
on the logarithm of the period, e.g.,

y = a + b log P (4)

where y is a quantity we wish to estimate (e.g., radius) and a
and b are the coe�cients of the fit. We will evaluate these es-
timator models using two-fold cross validation. This method
works by fitting the estimator using half of the theoretical
models, and then subsequently estimating the parameters of
the left-out models. The procedure is then repeated by swap-
ping the training set with the testing set. Cross validation
helps to assess whether the ANN is over-fitting the training
data, as in that case it would produce poor assessments on
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Figure 2. Theoretical period–radius (top) and period–mass (bottom) diagrams for Cepheid (left) and RR Lyrae (right) models. The
radius is strongly constrained by the period, but with some scatter due to variations in the stellar mass. The mass, on the other hand,
is only a weak function of the period, with much scatter due to variations in the stellar radius.

the test data. We can then quantify the standard deviation
of the errors as well as the coe�cient of variation

R2 = 1 �
Õ
i(yi � ŷi)2Õ
i(yi � ȳ)2

(5)

where ŷ is the estimated value of y of the left-out models
(made either by the LM or by the ANN), and ȳ is the mean
value of y. Note that R2 has a maximum value of one and
is unbounded from below. An R2 of zero implies that the
estimator does no better than guessing the mean value of
the variable being estimated.

The left panels of Figures 3 and 4 display radii estimated
using cross validation with an LM based only on the period.
The right panels show a machine learning model which uses
period and features of the light curve structure to estimate
radii. Whilst we see a modest increase in R2 with the ad-
dition of light curve structure, we see that the structure in
the errors evident in the bottom left panel (predicting ra-
dius using only period) is no longer present in the bottom
right panel (using period and light curve structure). Note
that in the bottom left panel, the dots of constant color are
models with the same mass–luminosity pair but a di↵erent
temperature.

In Figure 5, we present results related to predicting
mass for both RR Lyrae and Cepheid stars. In this case, we
do not show the LM using just period as a dependent vari-
able because these results would be very poor (cf. Figure 2).

Again we see the destruction of structure in the errors, and
find strong statistical significance when adding light curve
structure to period for both Cepheids and RR Lyraes.

In the top panels of Figure 6 we present a comparison
of predicted and actual theoretical luminosities using just
period and also using period and light curve structure. The
errors associated with these predictions are given in the bot-
tom panels. When we incorporate light curve structure, we
see a large increase in R2 and the reduction of structure in
the errors. Figure 7 presents similar results for RR Lyraes.
Similarly, Figures 8 and 9 show important improvements
when predicting the reddening-independent Wesenheit in-
dex (Madore 1982)

W = I � 1.55 · (V � I) (6)

which is widely used in estimating distances (Soszyński et al.
2018).

Figures 10 and 11 summarize the findings over all of the
fundamental parameters which we seek to estimate, which
also include I- and V-band magnitudes and (V� I) color. The
former presents the improvements in R2 when using period
and light structure over just period when predicting vari-
ous stellar parameters from the models. The latter displays
the improvements in the accuracy of our estimates when us-
ing period and light curve structure over just period when
predicting various stellar parameters from the models.

Another way of assessing the improvement of the ANN

MNRAS 000, 1–14 (2019)

4 E. P. Bellinger et al.

Figure 2. Theoretical period–radius (top) and period–mass (bottom) diagrams for Cepheid (left) and RR Lyrae (right) models. The
radius is strongly constrained by the period, but with some scatter due to variations in the stellar mass. The mass, on the other hand,
is only a weak function of the period, with much scatter due to variations in the stellar radius.

the test data. We can then quantify the standard deviation
of the errors as well as the coe�cient of variation

R2 = 1 �
Õ
i(yi � ŷi)2Õ
i(yi � ȳ)2

(5)

where ŷ is the estimated value of y of the left-out models
(made either by the LM or by the ANN), and ȳ is the mean
value of y. Note that R2 has a maximum value of one and
is unbounded from below. An R2 of zero implies that the
estimator does no better than guessing the mean value of
the variable being estimated.

The left panels of Figures 3 and 4 display radii estimated
using cross validation with an LM based only on the period.
The right panels show a machine learning model which uses
period and features of the light curve structure to estimate
radii. Whilst we see a modest increase in R2 with the ad-
dition of light curve structure, we see that the structure in
the errors evident in the bottom left panel (predicting ra-
dius using only period) is no longer present in the bottom
right panel (using period and light curve structure). Note
that in the bottom left panel, the dots of constant color are
models with the same mass–luminosity pair but a di↵erent
temperature.

In Figure 5, we present results related to predicting
mass for both RR Lyrae and Cepheid stars. In this case, we
do not show the LM using just period as a dependent vari-
able because these results would be very poor (cf. Figure 2).

Again we see the destruction of structure in the errors, and
find strong statistical significance when adding light curve
structure to period for both Cepheids and RR Lyraes.

In the top panels of Figure 6 we present a comparison
of predicted and actual theoretical luminosities using just
period and also using period and light curve structure. The
errors associated with these predictions are given in the bot-
tom panels. When we incorporate light curve structure, we
see a large increase in R2 and the reduction of structure in
the errors. Figure 7 presents similar results for RR Lyraes.
Similarly, Figures 8 and 9 show important improvements
when predicting the reddening-independent Wesenheit in-
dex (Madore 1982)

W = I � 1.55 · (V � I) (6)

which is widely used in estimating distances (Soszyński et al.
2018).

Figures 10 and 11 summarize the findings over all of the
fundamental parameters which we seek to estimate, which
also include I- and V-band magnitudes and (V� I) color. The
former presents the improvements in R2 when using period
and light structure over just period when predicting vari-
ous stellar parameters from the models. The latter displays
the improvements in the accuracy of our estimates when us-
ing period and light curve structure over just period when
predicting various stellar parameters from the models.

Another way of assessing the improvement of the ANN
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Figure 3. Predicted versus actual radius for fits based on only the period (left panels) and fits using machine learning based on the
period and the light curve structure (right panels). The bottom panels show the (out-of-bag) errors of the relations.

Figure 4. The same as Figure 3 but for RR Lyrae models.
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Figure 5. Predicted versus actual mass for estimates based on the period and light curve structure using machine learning on theoretical
models.

Variable CEP RRL

M/M� 74% 81%
log R/R� 74% 80%
log L/L� 81% 80%
Te↵/K 85% 84%
MI 80% 81%
MV 82% 81%
V � I 84% 82%
W 76% 81%

Table 1. Percentage of estimates that have smaller errors from
2-fold cross-validation from the ANN than the LM.

over the LM is to quantify what percentage of the estimates
are improved. Table 1 lists these values, showing that in
the great majority (⇠ 80%) of cases, the error of the ANN
estimate is smaller than from the LM.

Finally, Table 2 table presents the standard deviations
of the errors from cross validation. When estimating the
parameters of an observed star, these standard deviations
are to be added in quadrature with the random uncertain-
ties arising from propagating the observational uncertainties
through the ANN.

3.2 Light Curve Structure Importances

It is interesting to study which features of the light curve in
particular are most useful in constraining fundamental pa-
rameters. To answer this question we use a separate machine

LM ANN

Variable CEP RRL CEP RRL

M/M� 0.56 0.077 0.35 0.049
log R/R� 0.017 0.027 0.011 0.019
log L/L� 0.084 0.087 0.044 0.041
Te↵/K 209 240 108 98
MI 0.19 0.16 0.10 0.086
MV 0.26 0.21 0.13 0.098
V � I 0.070 0.056 0.033 0.028
W 0.11 0.11 0.065 0.076

Table 2. Standard deviations of errors when estimating stellar
parameters of Cepheid and RR Lyrae stars from the LM and the
ANN.

learning technique known as random forests (RFs, Breiman
2001). This method works by building an ensemble of deci-
sion trees to estimate a function. The decision trees consist
of ‘if-then-else’ decision rules which are learned from the in-
put data. The decision rules are constructed using informa-
tion theory by considering which input feature is most highly
discriminant in constraining the output. Thus one way of in-
ferring the relative importance of a given light curve feature
is to consider what fraction of decision rules are constructed
based on that feature. We note that one drawback of this
approach is that correlated features share the fraction of the
importances, and thus each will appear relatively less im-
portant than if only one of the features were part of the
analysis.
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Figure 3. Predicted versus actual radius for fits based on only the period (left panels) and fits using machine learning based on the
period and the light curve structure (right panels). The bottom panels show the (out-of-bag) errors of the relations.

Figure 4. The same as Figure 3 but for RR Lyrae models.
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Figure 5. Predicted versus actual mass for estimates based on the period and light curve structure using machine learning on theoretical
models.

Variable CEP RRL

M/M� 74% 81%
log R/R� 74% 80%
log L/L� 81% 80%
Te↵/K 85% 84%
MI 80% 81%
MV 82% 81%
V � I 84% 82%
W 76% 81%

Table 1. Percentage of estimates that have smaller errors from
2-fold cross-validation from the ANN than the LM.

over the LM is to quantify what percentage of the estimates
are improved. Table 1 lists these values, showing that in
the great majority (⇠ 80%) of cases, the error of the ANN
estimate is smaller than from the LM.

Finally, Table 2 table presents the standard deviations
of the errors from cross validation. When estimating the
parameters of an observed star, these standard deviations
are to be added in quadrature with the random uncertain-
ties arising from propagating the observational uncertainties
through the ANN.

3.2 Light Curve Structure Importances

It is interesting to study which features of the light curve in
particular are most useful in constraining fundamental pa-
rameters. To answer this question we use a separate machine

LM ANN

Variable CEP RRL CEP RRL

M/M� 0.56 0.077 0.35 0.049
log R/R� 0.017 0.027 0.011 0.019
log L/L� 0.084 0.087 0.044 0.041
Te↵/K 209 240 108 98
MI 0.19 0.16 0.10 0.086
MV 0.26 0.21 0.13 0.098
V � I 0.070 0.056 0.033 0.028
W 0.11 0.11 0.065 0.076

Table 2. Standard deviations of errors when estimating stellar
parameters of Cepheid and RR Lyrae stars from the LM and the
ANN.

learning technique known as random forests (RFs, Breiman
2001). This method works by building an ensemble of deci-
sion trees to estimate a function. The decision trees consist
of ‘if-then-else’ decision rules which are learned from the in-
put data. The decision rules are constructed using informa-
tion theory by considering which input feature is most highly
discriminant in constraining the output. Thus one way of in-
ferring the relative importance of a given light curve feature
is to consider what fraction of decision rules are constructed
based on that feature. We note that one drawback of this
approach is that correlated features share the fraction of the
importances, and thus each will appear relatively less im-
portant than if only one of the features were part of the
analysis.
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Figure 6. Predicted versus actual luminosities for estimates made based on the PL relation (left) and period and light curve structure
(right). The errors of the PL relation are scattered due to di↵erences in the e↵ective temperature, whereas those using light curve
structure show no such trends.

Figure 7. The same as Figure 6 but for RR Lyrae models.
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Figure 6. Predicted versus actual luminosities for estimates made based on the PL relation (left) and period and light curve structure
(right). The errors of the PL relation are scattered due to di↵erences in the e↵ective temperature, whereas those using light curve
structure show no such trends.

Figure 7. The same as Figure 6 but for RR Lyrae models.
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Figure 10. Cross-validated coe�cients of variation for fundamental parameters of Cepheids (top) and RR Lyrae (bottom) comparing
estimates of mass, radius, luminosity, e↵ective temperature, I-band magnitude, V-band magnitude, color, and Wesenheit index made
using an LM based only on period (orange) and using machine learning based on period and light curve structure (blue). Higher is better.
In all cases, the use of information contained in the structure of the light curve significantly improves the estimate (see also Table 2).

Figure 11. Cross-validated improvements to the accuracy of estimates when information from the light curve structure is incorporated
over an estimate made using only the period. Here �LM refers to the standard deviation of the errors from an LM based on period, and
�ML refers to the standard deviation of the errors from a model based on period and light curve structure.
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Figure 10. Cross-validated coe�cients of variation for fundamental parameters of Cepheids (top) and RR Lyrae (bottom) comparing
estimates of mass, radius, luminosity, e↵ective temperature, I-band magnitude, V-band magnitude, color, and Wesenheit index made
using an LM based only on period (orange) and using machine learning based on period and light curve structure (blue). Higher is better.
In all cases, the use of information contained in the structure of the light curve significantly improves the estimate (see also Table 2).

Figure 11. Cross-validated improvements to the accuracy of estimates when information from the light curve structure is incorporated
over an estimate made using only the period. Here �LM refers to the standard deviation of the errors from an LM based on period, and
�ML refers to the standard deviation of the errors from a model based on period and light curve structure.
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Figure 5. Predicted versus actual mass for estimates based on the period and light curve structure using machine learning on theoretical
models.

Variable CEP RRL

M/M� 74% 81%
log R/R� 74% 80%
log L/L� 81% 80%
Te↵/K 85% 84%
MI 80% 81%
MV 82% 81%
V � I 84% 82%
W 76% 81%

Table 1. Percentage of estimates that have smaller errors from
2-fold cross-validation from the ANN than the LM.

over the LM is to quantify what percentage of the estimates
are improved. Table 1 lists these values, showing that in
the great majority (⇠ 80%) of cases, the error of the ANN
estimate is smaller than from the LM.

Finally, Table 2 table presents the standard deviations
of the errors from cross validation. When estimating the
parameters of an observed star, these standard deviations
are to be added in quadrature with the random uncertain-
ties arising from propagating the observational uncertainties
through the ANN.

3.2 Light Curve Structure Importances

It is interesting to study which features of the light curve in
particular are most useful in constraining fundamental pa-
rameters. To answer this question we use a separate machine

LM ANN

Variable CEP RRL CEP RRL

M/M� 0.56 0.077 0.35 0.049
log R/R� 0.017 0.027 0.011 0.019
log L/L� 0.084 0.087 0.044 0.041
Te↵/K 209 240 108 98
MI 0.19 0.16 0.10 0.086
MV 0.26 0.21 0.13 0.098
V � I 0.070 0.056 0.033 0.028
W 0.11 0.11 0.065 0.076

Table 2. Standard deviations of errors when estimating stellar
parameters of Cepheid and RR Lyrae stars from the LM and the
ANN.

learning technique known as random forests (RFs, Breiman
2001). This method works by building an ensemble of deci-
sion trees to estimate a function. The decision trees consist
of ‘if-then-else’ decision rules which are learned from the in-
put data. The decision rules are constructed using informa-
tion theory by considering which input feature is most highly
discriminant in constraining the output. Thus one way of in-
ferring the relative importance of a given light curve feature
is to consider what fraction of decision rules are constructed
based on that feature. We note that one drawback of this
approach is that correlated features share the fraction of the
importances, and thus each will appear relatively less im-
portant than if only one of the features were part of the
analysis.
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Figure 12. Feature importances for predicting Cepheid parameters.
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Figure 13. Feature importances for predicting RR Lyrae parameters. Note the di↵erences in scale for the Te↵ figure.
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Figure 13. Feature importances for predicting RR Lyrae parameters. Note the di↵erences in scale for the Te↵ figure.
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Figure 14. E↵ective temperatures as a function of the second
Fourier amplitude component in the grid of RR Lyrae models.
The same plot for V -band amplitudes looks nearly the same.

compare the estimates made using this method to indepen-
dent measures from other methods, such as interferometric
radii, Gaia luminosities, and dynamical masses.

Our results could be improved by a more extensive or
more uniform input model grid. For example, we are cur-
rently able to apply this method to only about 10% of the
Cepheids observed in the LMC due to the relatively lim-
ited parameter space spanned by the grid of models. Fur-
thermore, some unpropagated systematic errors exist in the
resulting estimated parameters due to some theoretical pa-
rameters being held fixed, such as using only one compo-
sition for all Cepheid models. We plan follow-up studies in
which we compute a more extensive grid in order to obtain
more accurate estimates of these parameters.
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Soszyński I., et al., 2018, Acta Astron., 68, 89
Stellingwerf R. F., Donohoe M., 1987, ApJ, 314, 252
Verma K., Hanasoge S., Bhattacharya J., Antia H. M., Krishna-

murthi G., 2016, MNRAS, 461, 4206
Wood P. R., S. Arnold A., Sebo K. M., 1997, ApJ, 485, L25

This paper has been typeset from a TEX/LATEX file prepared by
the author.

MNRAS 000, 1–14 (2019)

Fundamental parameters of Cepheid and RR Lyrae stars from light curve structure 15

Figure 15. Theoretical, predicted, and observed period–magnitude, period–color, and period–Wesenheit relations for Cepheids in the
LMC. The orange points are the theoretical models. The blue points are estimated magnitudes, colors, and Wesenheit indices made based
on period and light curve structure for actual stars. The right panels show the extinction-corrected observed relations for those same
stars.
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Figure 16. Distributions of estimated masses and luminosities for RR Lyrae stars in the Galactic bulge (BLG), LMC, and SMC.
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Figure 14. E↵ective temperatures as a function of the second
Fourier amplitude component in the grid of RR Lyrae models.
The same plot for V -band amplitudes looks nearly the same.

compare the estimates made using this method to indepen-
dent measures from other methods, such as interferometric
radii, Gaia luminosities, and dynamical masses.

Our results could be improved by a more extensive or
more uniform input model grid. For example, we are cur-
rently able to apply this method to only about 10% of the
Cepheids observed in the LMC due to the relatively lim-
ited parameter space spanned by the grid of models. Fur-
thermore, some unpropagated systematic errors exist in the
resulting estimated parameters due to some theoretical pa-
rameters being held fixed, such as using only one compo-
sition for all Cepheid models. We plan follow-up studies in
which we compute a more extensive grid in order to obtain
more accurate estimates of these parameters.
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Figure 16. Distributions of estimated masses and luminosities for RR Lyrae stars in the Galactic bulge (BLG), LMC, and SMC.
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Figure 3: Near-infrared PLZ and PWZ relations for RR Lyrae variables in GCs in JHKs bands. In each case, the
color-coded solid lines in the top panels correspond to [Fe/H]=[�0.5,�1.5,�2.5] dex. The solid line in the bottom
panels shows the best-fitting linear regression while the dashed line displays the predicted relation from Marconi et al.
(2015). The average residuals (�J, �H, �Ks) in a period bin of log(P ) = 0.02 days are shown for visualization
purposes. The data points are color-coded according to the color bar.

WJ,H = H � 1.83(J � H), WJ,Ks = K � 0.69(J �
Ks), WH,Ks = K � 1.92(H �Ks).
We simultaneously solved for individual GC distances

and derived PLZ relations for the global sample of 1310
RR Lyrae stars. In the case of RRc variables, we also
added 52 RRc models with 0.25 < P < 0.45 days (Mar-
coni et al. 2015) to the calibrator sample because there
are only 25 MW field RRc stars. These RRc models al-

lowed us to break the degeneracy between the metallicity
coe�cient and the zero-points. Table 2 lists the results
of the best-fitting linear regression formalism discussed
in Section 3. Fig. 3 displays the PLZ/PWZ relations
for the combined sample of RR Lyrae variables in GCs.
The metallicity e↵ect on RR Lyrae magnitudes is dis-
tinctly evident in the top panels showing that the metal
poor stars are brighter. Tighter PLZ/PWZ relations are
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Figure 2. A visual representation of the input data set of RRLs models described in Table 1 . A few additional models were computed in this work for the 
validation of the trained ANN interpolators and are marked with A, B, and C. 
Duffau ( 2011 ). We apply extinction corrections using Schlegel’s list 
of conversion factors 2 : 
A V = 2 . 4 × E( V − I ) = 3 . 32 × E( B − V ) , (10) 
and, 
A I = 1 . 41 × E( V − I ) = 1 . 94 × E( B − V ) . (11) 
4  A N N  IN T ERPOLATOR  F O R  R R  LY R A E  
M O D E L S  
We used the ANN to interpolate the light curve for the input 
parameters within the grid. We built a feed-forward fully connected 
neural network and optimized its network architecture. The input 
layer of this network takes six parameters, which are 
x ≡ [

M 
M $ , log ( L 

L $
)

, T eff , X, Z, log ( P ) ] , 
where M and L are the mass and luminosity of the model. T eff is 
the ef fecti ve temperature of the model in Kelvin. X and Z are the 
hydrogen and metal abundances of the model and the parameter P is 
the period in days. We have included the period as one of the inputs 
to facilitate ease for the user who might want to generate a model 
corresponding to a specific period. 

The hydrodynamic models presented in Marconi et al. ( 2015 ) 
were generated using the same physical and numerical assumptions 
employed in earlier works, such as Bono et al. ( 1998 , 1999 ) and 
Marconi et al. ( 2003 , 2011 ). For instance, the radiative opacities 
used in their models were taken from the OPAL radiative opacities 
provided by the Lawrence Livermore National Laboratory (Igle- 
sias & Rogers 1996 ), while the molecular opacities were obtained 
from Alexander & Ferguson ( 1994 ). Since the physical conditions, 
including the radiative and molecular opacities were kept constant, 
they were not considered as inputs to the ANN. 
2 ht tps://dc.zah.uni-heidelberg.de/mcext inct /q/cone/info 

Each input parameter has a different numerical range, we need 
to transform each parameter to have the same numerical range as 
other input parameters. The input parameters are scaled in such a 
way that each input parameter has zero mean and unity standard 
deviation o v er the whole grid. At the output layer, we pro vide the 
corresponding ( I or V band) light curve of the model that consists of 
the absolute magnitudes at a given series of phases. We have a total 
of 1000 mag values per model corresponding to phase values from 0 
to 1 in steps of 0.001. We used a neural network that has one input 
layer with six input neurons, a few hidden layers (not more than three 
to keep the network small), and one output layer with 1000 output 
neurons containing the absolute magnitude corresponding to phase 
values between 0 and 1. We used a linear acti v ation function ( σ ( L ) ≡
1) between the last hidden layer and the output layer because we do 
not want to constrain the output values in any particular range. We 
have a total of 268 models, and hence the training matrix at the input 
layer has [268 × 6] and at the output layer is [268 × 1000]. 
4.1 Network ar chitectur e and hyperparameter optimization 
To have a generalized network that does not o v erfit/underfit the 
given data set, we need to choose a suitable architecture (the 
number of hidden layers, the number of neurons in the hidden 
layer, acti v ation functions) as well as the learning hyperparameters 
such as the loss optimization algorithm and parameters therein, etc. 
(Elsken, Metzen & Hutter 2019 ). Each individual hyperparameter 
has a significant role in the training process and a different value 
of a hyperparameter significantly affects the result of the training. 
Ho we ver, there are no explicit ‘rules’ for selecting these attributes in 
such a way that the ANN model does not become trapped in a local 
solution. This is a crucial problem in the field of machine learning 
(Guo et al. 2008 ). 

The choice of architecture and hyperparameters usually depends 
on the intuition of the expert and hand tuning. Typically, the trial- 
and-error approach like grid search and random search (Bergstra & 
Bengio 2012 ) is used to determine these characteristics. We created 
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Figure 2. A visual representation of the input data set of RRLs models described in Table 1 . A few additional models were computed in this work for the 
validation of the trained ANN interpolators and are marked with A, B, and C. 
Duffau ( 2011 ). We apply extinction corrections using Schlegel’s list 
of conversion factors 2 : 
A V = 2 . 4 × E( V − I ) = 3 . 32 × E( B − V ) , (10) 
and, 
A I = 1 . 41 × E( V − I ) = 1 . 94 × E( B − V ) . (11) 
4  A N N  INTE R POLATOR  F O R  R R  LY R A E  
M O D E L S  
We used the ANN to interpolate the light curve for the input 
parameters within the grid. We built a feed-forward fully connected 
neural network and optimized its network architecture. The input 
layer of this network takes six parameters, which are 
x ≡ [

M 
M $ , log ( L 

L $
)

, T eff , X, Z, log ( P ) ] , 
where M and L are the mass and luminosity of the model. T eff is 
the ef fecti ve temperature of the model in Kelvin. X and Z are the 
hydrogen and metal abundances of the model and the parameter P is 
the period in days. We have included the period as one of the inputs 
to facilitate ease for the user who might want to generate a model 
corresponding to a specific period. 

The hydrodynamic models presented in Marconi et al. ( 2015 ) 
were generated using the same physical and numerical assumptions 
employed in earlier works, such as Bono et al. ( 1998 , 1999 ) and 
Marconi et al. ( 2003 , 2011 ). For instance, the radiative opacities 
used in their models were taken from the OPAL radiative opacities 
provided by the Lawrence Livermore National Laboratory (Igle- 
sias & Rogers 1996 ), while the molecular opacities were obtained 
from Alexander & Ferguson ( 1994 ). Since the physical conditions, 
including the radiative and molecular opacities were kept constant, 
they were not considered as inputs to the ANN. 
2 ht tps://dc.zah.uni-heidelberg.de/mcext inct /q/cone/info 

Each input parameter has a different numerical range, we need 
to transform each parameter to have the same numerical range as 
other input parameters. The input parameters are scaled in such a 
way that each input parameter has zero mean and unity standard 
deviation o v er the whole grid. At the output layer, we pro vide the 
corresponding ( I or V band) light curve of the model that consists of 
the absolute magnitudes at a given series of phases. We have a total 
of 1000 mag values per model corresponding to phase values from 0 
to 1 in steps of 0.001. We used a neural network that has one input 
layer with six input neurons, a few hidden layers (not more than three 
to keep the network small), and one output layer with 1000 output 
neurons containing the absolute magnitude corresponding to phase 
values between 0 and 1. We used a linear acti v ation function ( σ ( L ) ≡
1) between the last hidden layer and the output layer because we do 
not want to constrain the output values in any particular range. We 
have a total of 268 models, and hence the training matrix at the input 
layer has [268 × 6] and at the output layer is [268 × 1000]. 
4.1 Network ar chitectur e and hyperparameter optimization 
To have a generalized network that does not o v erfit/underfit the 
given data set, we need to choose a suitable architecture (the 
number of hidden layers, the number of neurons in the hidden 
layer, acti v ation functions) as well as the learning hyperparameters 
such as the loss optimization algorithm and parameters therein, etc. 
(Elsken, Metzen & Hutter 2019 ). Each individual hyperparameter 
has a significant role in the training process and a different value 
of a hyperparameter significantly affects the result of the training. 
Ho we ver, there are no explicit ‘rules’ for selecting these attributes in 
such a way that the ANN model does not become trapped in a local 
solution. This is a crucial problem in the field of machine learning 
(Guo et al. 2008 ). 

The choice of architecture and hyperparameters usually depends 
on the intuition of the expert and hand tuning. Typically, the trial- 
and-error approach like grid search and random search (Bergstra & 
Bengio 2012 ) is used to determine these characteristics. We created 
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Table 1. A summary of 268 fundamental mode RR Lyrae models. 
Z X M 

M ! log L 
L ! T eff (K) No. of RRab stars 

0.02 0.71 0.51 1.69 5700–6800 6 
1.78 5600–6800 7 

0.54 1.49 6000–6800 5 
1.94 5200–6600 8 

0.008 0.736 0.55 1.62 6000–7000 10 
1.72 5800–6900 12 

0.56 1.6 5900–6900 11 
1.7 5800–6900 10 

0.57 1.58 6000–6800 5 
2.02 5400–6680 6 

0.004 0.746 0.53 1.81 5700–6800 7 
0.55 1.71 6000–6900 9 

1.81 5700–6900 13 
0.56 1.65 6000–6900 10 

1.75 5800–6800 10 
0.57 1.63 6000–6900 10 

1.73 5900–6800 10 
0.59 1.61 6000–6900 10 

2.02 5700–6700 7 
0.001 0.754 0.58 1.87 5900–6900 7 

0.64 1.67 6000–6800 9 
1.99 5700–6800 10 

0.0006 0.7544 0.6 1.89 5700–6900 9 
0.67 1.69 6000–6800 9 

2.01 5800–6800 9 
0.0003 0.7547 0.65 1.92 5800–6800 6 

0.72 1.72 6000–6700 8 
1.99 5700–6700 10 

0.0001 0.7549 0.72 1.96 5800–6800 7 
0.8 1.76 6000–6700 8 

1.97 5800–6700 10 
Table 2. The hyperparameter search space for the network. 
S. no. Name of hyperparameter Possible values 
1 No. of hidden layers [1, 2, 3] 
2 No of neurons in one hidden layer [16, 32, 64, 128] 
3 Optimizer ‘ adam ’ (Kingma & Ba 

2014 ) 
4 Learning rate [10 −2 − 10 −4 ](log 

sampling) 
5 Acti v ation function [‘ relu ’, ‘ tanh ’] 
6 Weights initialization ‘ GlorotUniform ’ 
a grid of possible hyperparameters by choice and intuition that we 
gained working with the data set, which is tabulated in Table 2 . Out of 
various possible combinations, we chose a set of 100 hyperparameter 
combinations at random. We then trained the network for fixed 1000 
epochs with the L2 norm (MSE) as the objective function using the 
‘adaptive moment SGD (or adam : Kingma & Ba 2014 )’ algorithm 
with a default batch size of 32 samples. The network architecture 
was optimized using the I -band light curv es. F or this procedure, we 
utilized Keras tuner (O’Malley et al. 2019 ). 

We show the result of the top 10 performing network architectures 
in T able 3 . W e observe that a network with 3 hidden layers with 64, 
128, 128 neurons in successive hidden layers with an initial learning 
rate( η) ∼ 1.8 × 10 −3 , reaches the minimum MSE in 1000 epochs of 
learning. Fig. 3 depicts the learning curves for the top-10 network 
architectures listed in Table 3 . 

4.2 Training of the I -band Interpolator 
To construct the final interpolator for the I band, we used the 
architecture that performed best in the architecture optimization step, 
i.e. architecture 1. In the previous step, we note that the training 
loss (MSE) decreases globally at large epochs, but the individual 
updates are quite big and the loss oscillates rapidly (see Fig. 3 ). 
High learning rates cause such oscillations in the learning curve. 
The oscillations can be reduced by reducing the learning parameter; 
ho we ver, we do not want to start the training with a low η because it 
impairs the performance of the network (see the comparison between 
architecture no. 1 and 4: the low learning rate causes the network to 
return comparatively higher MSE). Hence, we employ ‘piece-wise 
decay’ of the learning rate to mitigate these oscillations of loss at 
higher epochs. To do this, we begin with the best-performing network 
of the previous step and re-train it with a decreasing learning rate. We 
reduce the current learning rate by dividing it by a constant number 
(‘ δ’) when the epoch crosses successive powers of 10. We chose δ = 
5, based on the intuition we gained after experimenting with a few 
values of δ. This guarantees that the loss diminishes gradually as the 
training epochs increase. We trained this network for 11 000 epochs 
and obtained a minimum MSE of 9.07 × 10 −6 . The final learning 
curv e (epoch v ersus loss curv e) is shown in Fig. 4 along with the 
learning parameter ( η) in the top panel. This final network is adopted 
as the I -band ANN interpolator for fundamental mode RR Lyrae 
models. 
4.3 Training of the V -band Interpolator 
The problem of training the network for interpolating the light curve 
in a different band is a similar problem that we tackled in the 
previous step and hence we used the same network architecture 
that performed best during the I -band interpolator training, to train 
the V -band interpolator. We started the training with a neural 
network with three hidden layers that contain 64, 128, 128 neurons, 
respectively. We started to train the network with the same ‘ adam ’ 
optimization algorithm with the same initial learning rate parameter 
( η = 1.7941 × 10 −3 ). After the initial training for 1000 epochs, we 
encounter the same problem of loss oscillations, and hence we treat 
the learning rate in the same manner as we did in the case of the 
I -band interpolator. The learning curve for the V -band interpolator 
along with the adopted learning rate parameter is shown in the right- 
hand panel of Fig. 4 . 
4.4 Training statistics for interpolators 
We calculated the statistics between the original model light curves 
and the ANN generated/predicted light curves. We determined the 
average mean squared error (MSE), mean absolute error (MAE), 
and the coefficient of determination ( R 2 ) between the original and 
predicted magnitude values for a quantitative comparison (Steel, 
Torrie & others 1960 ; Draper & Smith 1998 ; Glantz & Slinker 2001 ). 
We have already discussed the MSE in Section 2.1 . The MAE for 
one model is defined by 
MAE = 1 

N s 
N s ∑ 
j= 1 | y j − ˆ y j | . 

and R 2 is defined by 
R 2 = 1 − ∑ 

( y j − ˆ y j ) 2 ∑ 
( y j − ȳ ) 2 . 
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Figure 2. A visual representation of the input data set of RRLs models described in Table 1 . A few additional models were computed in this work for the 
validation of the trained ANN interpolators and are marked with A, B, and C. 
Duffau ( 2011 ). We apply extinction corrections using Schlegel’s list 
of conversion factors 2 : 
A V = 2 . 4 × E( V − I ) = 3 . 32 × E( B − V ) , (10) 
and, 
A I = 1 . 41 × E( V − I ) = 1 . 94 × E( B − V ) . (11) 
4  A N N  IN T ERPOLATOR  F O R  R R  LY R A E  
M O D E L S  
We used the ANN to interpolate the light curve for the input 
parameters within the grid. We built a feed-forward fully connected 
neural network and optimized its network architecture. The input 
layer of this network takes six parameters, which are 
x ≡ [

M 
M $ , log ( L 

L $
)

, T eff , X, Z, log ( P ) ] , 
where M and L are the mass and luminosity of the model. T eff is 
the ef fecti ve temperature of the model in Kelvin. X and Z are the 
hydrogen and metal abundances of the model and the parameter P is 
the period in days. We have included the period as one of the inputs 
to facilitate ease for the user who might want to generate a model 
corresponding to a specific period. 

The hydrodynamic models presented in Marconi et al. ( 2015 ) 
were generated using the same physical and numerical assumptions 
employed in earlier works, such as Bono et al. ( 1998 , 1999 ) and 
Marconi et al. ( 2003 , 2011 ). For instance, the radiative opacities 
used in their models were taken from the OPAL radiative opacities 
provided by the Lawrence Livermore National Laboratory (Igle- 
sias & Rogers 1996 ), while the molecular opacities were obtained 
from Alexander & Ferguson ( 1994 ). Since the physical conditions, 
including the radiative and molecular opacities were kept constant, 
they were not considered as inputs to the ANN. 
2 ht tps://dc.zah.uni-heidelberg.de/mcext inct /q/cone/info 

Each input parameter has a different numerical range, we need 
to transform each parameter to have the same numerical range as 
other input parameters. The input parameters are scaled in such a 
way that each input parameter has zero mean and unity standard 
deviation o v er the whole grid. At the output layer, we pro vide the 
corresponding ( I or V band) light curve of the model that consists of 
the absolute magnitudes at a given series of phases. We have a total 
of 1000 mag values per model corresponding to phase values from 0 
to 1 in steps of 0.001. We used a neural network that has one input 
layer with six input neurons, a few hidden layers (not more than three 
to keep the network small), and one output layer with 1000 output 
neurons containing the absolute magnitude corresponding to phase 
values between 0 and 1. We used a linear acti v ation function ( σ ( L ) ≡
1) between the last hidden layer and the output layer because we do 
not want to constrain the output values in any particular range. We 
have a total of 268 models, and hence the training matrix at the input 
layer has [268 × 6] and at the output layer is [268 × 1000]. 
4.1 Network ar chitectur e and hyperparameter optimization 
To have a generalized network that does not o v erfit/underfit the 
given data set, we need to choose a suitable architecture (the 
number of hidden layers, the number of neurons in the hidden 
layer, acti v ation functions) as well as the learning hyperparameters 
such as the loss optimization algorithm and parameters therein, etc. 
(Elsken, Metzen & Hutter 2019 ). Each individual hyperparameter 
has a significant role in the training process and a different value 
of a hyperparameter significantly affects the result of the training. 
Ho we ver, there are no explicit ‘rules’ for selecting these attributes in 
such a way that the ANN model does not become trapped in a local 
solution. This is a crucial problem in the field of machine learning 
(Guo et al. 2008 ). 

The choice of architecture and hyperparameters usually depends 
on the intuition of the expert and hand tuning. Typically, the trial- 
and-error approach like grid search and random search (Bergstra & 
Bengio 2012 ) is used to determine these characteristics. We created 
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Figure 6. Same as Fig. 5 but for V band. 
for the RRL stars and determined the values of X and Z for each star 
by cross-matching Bellinger et al. and Skowron et al. 

We managed to compile the required input parameters for the 7789 
RRab stars of LMC and 676 stars of SMC. With the adopted input 
parameters, we generated the light curves and determined the peak- 
to-peak amplitude ( A ) and Fourier parameters ( R 21 , R 31 , R 41 , R 51 , 
φ21 , φ31 , φ41 , φ51 ) by fitting a Fourier series defined by equation ( 6 ) 
with N = 5. The calculated mean magnitudes, amplitudes, Fourier 
amplitude ratios, and phase parameters for ANN predicted and 
observed light curves are provided in Table 6 . 

Fig. 7 displays the peak-to-peak amplitudes for the observed and 
predicted light curves of RR Lyrae in the Magellanic Clouds in the I 
and V bands, respectively. We find that the predicted amplitudes are in 
good agreement with the observed amplitudes of RR Lyrae variables. 
For the LMC variables, there seem to be two amplitude sequences 
for the longer period RRab ( log P ! −0 . 22) stars. The theoretical 
models reproduce relatively larger amplitudes for Cepheids and 
RR Lyrae than the observations in optical bands (Bhardwaj et al. 
2017b ; Das et al. 2018 ), and the higher amplitude sequence can 
be attributed to this systematic in the models for specific mass- 
luminosity levels. The discrepancy is known to be related to the 
treatment of super adiabatic convection as the considered pulsation 
models, and Marconi et al. ( 2015 ), assume a single value for the 
mixing length parameter that is used in the code to close the non- 
linear equation system. Nevertheless, the majority of the predicted 
and the observed amplitudes are in good agreement. 
5.1 Comparison of the Fourier parameters of models with 
obser v ations 
Figs 8 and 9 display the Fourier parameters of the predicted and 
observ ed light curv es of LMC and SMC in both I and V bands, 
respectiv ely. F or RRab in both the clouds, the Fourier amplitude 
ratio values from the predicted light curves agree well with the 
observations, but the predicted phase parameters show a systematic 
offset and a larger dispersion. We also note that phase parameters 
exhibit a strong correlation with the metallicity (Jurcsik & Kovacs 

Table 5. The statistics of the interpolators on validation data. 
Band No. of 

models MSE MAE R 2 
I 3 2.316 × 10 −3 3.375 × 10 −2 0.95123 
V 3 2.658 × 10 −3 3.5001 × 10 −2 0.96911 
1996 ; Nemec et al. 2013 ; Mullen et al. 2021 ) and such systematic 
may also arise from the uncertainties in the input photometric 
metallicities. 

It should be noted that the predicted physical parameters for these 
variables from Bellinger et al. ( 2020 ) are not highly precise, and their 
accuracy is limited by the lack of a fine grid of models. The derived 
physical parameters are used to generate the light curve using the 
trained interpolators. A good match between ANN generated and 
observed light curves is expected since the same theoretical models 
were employed to train the ANN used by us and the ANN trained 
by Bellinger et al. ( 2020 ). Ho we ver, it should be noted that the 
phase parameters were not included in the training input used to 
derive the physical parameters in Bellinger et al. ( 2020 ). Despite 
including convection in the hydrodynamical models, it remains 
difficult to match the observed Fourier phase parameters of RRLs 
with theoretical models (Feuchtinger 1999 ; Paxton et al. 2019 ). 
Comparative studies of the theoretical RR Lyrae models generated 
by Marconi et al. ( 2015 ) with the observations show an offset in 
the value of Fourier phase parameters. The models predict higher 
Fourier phases than the observations (Das et al. 2018 ). The same 
effect gets propagated through the ANN, and the phase parameters 
derived from the light curves generated using the ANN interpo- 
lator are slightly higher than the observed values for both LMC 
and SMC. 
5.2 Distance modulus to the Magellanic Clouds 
The predicted light curves generated by the ANN model can be 
employed to estimate the distance modulus of the Magellanic Clouds. 
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Figure 2. A visual representation of the input data set of RRLs models described in Table 1 . A few additional models were computed in this work for the 
validation of the trained ANN interpolators and are marked with A, B, and C. 
Duffau ( 2011 ). We apply extinction corrections using Schlegel’s list 
of conversion factors 2 : 
A V = 2 . 4 × E( V − I ) = 3 . 32 × E( B − V ) , (10) 
and, 
A I = 1 . 41 × E( V − I ) = 1 . 94 × E( B − V ) . (11) 
4  A N N  IN T ERPOLATOR  F O R  R R  LY R A E  
M O D E L S  
We used the ANN to interpolate the light curve for the input 
parameters within the grid. We built a feed-forward fully connected 
neural network and optimized its network architecture. The input 
layer of this network takes six parameters, which are 
x ≡ [

M 
M $ , log ( L 

L $
)

, T eff , X, Z, log ( P ) ] , 
where M and L are the mass and luminosity of the model. T eff is 
the ef fecti ve temperature of the model in Kelvin. X and Z are the 
hydrogen and metal abundances of the model and the parameter P is 
the period in days. We have included the period as one of the inputs 
to facilitate ease for the user who might want to generate a model 
corresponding to a specific period. 

The hydrodynamic models presented in Marconi et al. ( 2015 ) 
were generated using the same physical and numerical assumptions 
employed in earlier works, such as Bono et al. ( 1998 , 1999 ) and 
Marconi et al. ( 2003 , 2011 ). For instance, the radiative opacities 
used in their models were taken from the OPAL radiative opacities 
provided by the Lawrence Livermore National Laboratory (Igle- 
sias & Rogers 1996 ), while the molecular opacities were obtained 
from Alexander & Ferguson ( 1994 ). Since the physical conditions, 
including the radiative and molecular opacities were kept constant, 
they were not considered as inputs to the ANN. 
2 ht tps://dc.zah.uni-heidelberg.de/mcext inct /q/cone/info 

Each input parameter has a different numerical range, we need 
to transform each parameter to have the same numerical range as 
other input parameters. The input parameters are scaled in such a 
way that each input parameter has zero mean and unity standard 
deviation o v er the whole grid. At the output layer, we pro vide the 
corresponding ( I or V band) light curve of the model that consists of 
the absolute magnitudes at a given series of phases. We have a total 
of 1000 mag values per model corresponding to phase values from 0 
to 1 in steps of 0.001. We used a neural network that has one input 
layer with six input neurons, a few hidden layers (not more than three 
to keep the network small), and one output layer with 1000 output 
neurons containing the absolute magnitude corresponding to phase 
values between 0 and 1. We used a linear acti v ation function ( σ ( L ) ≡
1) between the last hidden layer and the output layer because we do 
not want to constrain the output values in any particular range. We 
have a total of 268 models, and hence the training matrix at the input 
layer has [268 × 6] and at the output layer is [268 × 1000]. 
4.1 Network ar chitectur e and hyperparameter optimization 
To have a generalized network that does not o v erfit/underfit the 
given data set, we need to choose a suitable architecture (the 
number of hidden layers, the number of neurons in the hidden 
layer, acti v ation functions) as well as the learning hyperparameters 
such as the loss optimization algorithm and parameters therein, etc. 
(Elsken, Metzen & Hutter 2019 ). Each individual hyperparameter 
has a significant role in the training process and a different value 
of a hyperparameter significantly affects the result of the training. 
Ho we ver, there are no explicit ‘rules’ for selecting these attributes in 
such a way that the ANN model does not become trapped in a local 
solution. This is a crucial problem in the field of machine learning 
(Guo et al. 2008 ). 

The choice of architecture and hyperparameters usually depends 
on the intuition of the expert and hand tuning. Typically, the trial- 
and-error approach like grid search and random search (Bergstra & 
Bengio 2012 ) is used to determine these characteristics. We created 
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Figure 6. Same as Fig. 5 but for V band. 
for the RRL stars and determined the values of X and Z for each star 
by cross-matching Bellinger et al. and Skowron et al. 

We managed to compile the required input parameters for the 7789 
RRab stars of LMC and 676 stars of SMC. With the adopted input 
parameters, we generated the light curves and determined the peak- 
to-peak amplitude ( A ) and Fourier parameters ( R 21 , R 31 , R 41 , R 51 , 
φ21 , φ31 , φ41 , φ51 ) by fitting a Fourier series defined by equation ( 6 ) 
with N = 5. The calculated mean magnitudes, amplitudes, Fourier 
amplitude ratios, and phase parameters for ANN predicted and 
observed light curves are provided in Table 6 . 

Fig. 7 displays the peak-to-peak amplitudes for the observed and 
predicted light curves of RR Lyrae in the Magellanic Clouds in the I 
and V bands, respectively. We find that the predicted amplitudes are in 
good agreement with the observed amplitudes of RR Lyrae variables. 
For the LMC variables, there seem to be two amplitude sequences 
for the longer period RRab ( log P ! −0 . 22) stars. The theoretical 
models reproduce relatively larger amplitudes for Cepheids and 
RR Lyrae than the observations in optical bands (Bhardwaj et al. 
2017b ; Das et al. 2018 ), and the higher amplitude sequence can 
be attributed to this systematic in the models for specific mass- 
luminosity levels. The discrepancy is known to be related to the 
treatment of super adiabatic convection as the considered pulsation 
models, and Marconi et al. ( 2015 ), assume a single value for the 
mixing length parameter that is used in the code to close the non- 
linear equation system. Nevertheless, the majority of the predicted 
and the observed amplitudes are in good agreement. 
5.1 Comparison of the Fourier parameters of models with 
obser v ations 
Figs 8 and 9 display the Fourier parameters of the predicted and 
observ ed light curv es of LMC and SMC in both I and V bands, 
respectiv ely. F or RRab in both the clouds, the Fourier amplitude 
ratio values from the predicted light curves agree well with the 
observations, but the predicted phase parameters show a systematic 
offset and a larger dispersion. We also note that phase parameters 
exhibit a strong correlation with the metallicity (Jurcsik & Kovacs 

Table 5. The statistics of the interpolators on validation data. 
Band No. of 

models MSE MAE R 2 
I 3 2.316 × 10 −3 3.375 × 10 −2 0.95123 
V 3 2.658 × 10 −3 3.5001 × 10 −2 0.96911 
1996 ; Nemec et al. 2013 ; Mullen et al. 2021 ) and such systematic 
may also arise from the uncertainties in the input photometric 
metallicities. 

It should be noted that the predicted physical parameters for these 
variables from Bellinger et al. ( 2020 ) are not highly precise, and their 
accuracy is limited by the lack of a fine grid of models. The derived 
physical parameters are used to generate the light curve using the 
trained interpolators. A good match between ANN generated and 
observed light curves is expected since the same theoretical models 
were employed to train the ANN used by us and the ANN trained 
by Bellinger et al. ( 2020 ). Ho we ver, it should be noted that the 
phase parameters were not included in the training input used to 
derive the physical parameters in Bellinger et al. ( 2020 ). Despite 
including convection in the hydrodynamical models, it remains 
difficult to match the observed Fourier phase parameters of RRLs 
with theoretical models (Feuchtinger 1999 ; Paxton et al. 2019 ). 
Comparative studies of the theoretical RR Lyrae models generated 
by Marconi et al. ( 2015 ) with the observations show an offset in 
the value of Fourier phase parameters. The models predict higher 
Fourier phases than the observations (Das et al. 2018 ). The same 
effect gets propagated through the ANN, and the phase parameters 
derived from the light curves generated using the ANN interpo- 
lator are slightly higher than the observed values for both LMC 
and SMC. 
5.2 Distance modulus to the Magellanic Clouds 
The predicted light curves generated by the ANN model can be 
employed to estimate the distance modulus of the Magellanic Clouds. 
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Figure 12. The parameter space of the new grid along with original grid from Marconi et al. ( 2015 ). A more detailed description of both grids can be found in 
Fig. A1 . The ANN generated light curves of the labelled models are shown in Fig. 13 . 
Table 9. The parameter space of the new grid generated using the trained 
ANN Interpolators. 
Parameter Range Step 
M 0.52–0.79 M ! 0.03 M !
log ( L/ L !) 1.54–2.02 dex 0.04 dex 
T eff 5300–7000 K 100 K 
Y [0.245, 0.25, 0.265] 
Z [0.00011, 0.00668, 0.01324, 0.01980] 
cause of this discrepancy is not understood and it should be noted 
that even the state-of-the-art hydrodynamical code, MESA-rsp , is 
unable to accurately reproduce the Fourier phase differences (Paxton 
et al. 2019 ). We also determine the distances to the LMC and SMC 
based on the reddening independent Wesenheit index. The distances 
found ( µLMC = 18.567 ± 0.135 mag, and µSMC = 18.93 ± 0.17 
mag) are in excellent agreement with the published distances based 
on eclipsing binaries ( µLMC = 18.476 ± 0.024 mag, and µSMC = 
18.95 ± 0.07 mag; Graczyk et al. 2014 ; Pietrzyski et al. 2019 ). 

To showcase the utility of the interpolators, we generated and 
compared the light curve of the RRab star EZ Cnc. The physical 
parameters of this star were determined by Wang et al. ( 2021 ) 
using medium-resolution spectroscopic observations from LAMOST 
and time-series photometric data from the Kepler mission. We 
transformed the Kepler light curve into the V -band light curve and 
then compared it with the light curve predicted by the ANN both 
qualitatively and quantitatively. The reported distance to this star, 
µEZ Cnc = 11.284(3), or d = 1806 ± 2 pc, is in excellent agreement 
with the recently updated parallax measurement from Gaia EDR3 of 
1775 + 70 

−70 pc (Bailer-Jones et al. 2021 ). 
The generation of a grid of model light curves using traditional 

methods can be computationally e xpensiv e and time-consuming, but 
by using the trained ANN interpolators, it is possible to generate 
a more dense grid of model light curves much more efficiently. 
The trained interpolators can generate a light curve given the input 
parameters, and the process is fast, taking only a few milliseconds for 

each light curve. Additionally, the size of the trained interpolator file 
is much smaller, making it easy to store and access. To complement 
existing theoretical model grids in the literature, a smooth grid of 
model light curves was generated using the trained interpolator. The 
grid of templates can be used in techniques such as template fitting 
to estimate the parameters of observed light curves. We generated 
o v er 30 000 model light curves in both the I and V bands, resulting in 
approximately 2 GB of data. Ho we ver, if one has access to the trained 
interpolator file, which is much smaller in size (around 3.7 MB for 
each interpolator file in our case), it is also possible to generate a 
light curve by inputting the parameters. Generating each light curve 
takes only a few milliseconds (approximately 55 ms) for both I and 
V bands. 

It is worth noting that our approach is dependent on the models 
used, and any errors or uncertainties in the models will be reflected 
in our results. Ho we v er, this analysis will pro vide valuable insights 
into the stellar population model and has the potential to impro v e 
our understanding of these stars. The results can be impro v ed by 
expanding the number of models or by using a more comprehensive 
grid of models. Additionally, the trained ANN models can be 
retrained on new or additional models to enhance the accuracy of the 
predicted light curves. In this way, our approach can be continuously 
refined and impro v ed as more data and models become available. 
SOFTWARE  
We utilized various PYTHON libraries in our study including NUMPY 
(Harris et al. 2020 ), PANDAS (McKinney 2010 ; team 2020 ), ASTROPY 4 
(Astropy Collaboration 2013 , 2018 ), TENSORFLOW (Mart ́ın Abadi 
et al. 2015 ), MATPLOTLIB (Hunter 2007 ) and SEABORN (Waskom 
2021 ). NUMPY and PANDAS were used for data manipulation, while 
ASTROPY , a community-developed package for Astronomy, was also 
utilized. TENSORFLOW was employed to implement the ANN, while 
MATPLOTLIB and SEABORN were used for creating visual plots. 
4 http://www .astropy .org 
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Figure 13. The ANN generated I and V band light curves for six models labelled in Fig. 12 . 
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Figure 13. The ANN generated I and V band light curves for six models labelled in Fig. 12 . 
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Figure 7. Peak to peak amplitude against log ( P ) for Observed and ANN generated light curves of LMC and SMC stars. The extended panel in each plot shows 
the histograms of periods on the x -axis and amplitudes on the y -axis. 
We adopted the reddening-independent Wesenheit index (Madore 
1982 ) to determine the distances, which is defined as W = I −
1.55 × ( V − I ). The Wesenheit index is a commonly used method 
for estimating distances (Soszyski et al. 2018 ). We calculated the 
Wesenheit index-based distance moduli ( W m − W M ) to estimate the 
distances to the Magellanic Clouds. 

The distance moduli of individual RRab stars in the Magellanic 
Clouds are computed based on the Wesenheit index and are depicted 
in Fig. 10 . By removing outliers beyond 5 σ , the average distance 
modulus of RRab stars in the LMC and SMC are determined to 
be µLMC = 18.567 ± 0.135 mag and µSMC = 18.93 ± 0.17 mag, 
respectively. These estimates are consistent with previously pub- 
lished distances of the Magellanic Clouds based on eclipsing binaries 
( µLMC = 18.476 ± 0.024 mag and µSMC = 18.95 ± 0.07 mag; 
Graczyk et al. 2014 ; Pietrzyski et al. 2019 ). It is important to note 
that the methodology employed in this study does not presuppose 
any prior period–magnitude relationship, and the obtained distance 

estimates are simply a result of accurately predicted light curves of 
observed stars in the Magellanic Clouds. 
6  APPLI CATI ONS  O F  A N N  I NTERP OLATO RS  
6.1 Light cur v e comparison of EZ Cnc 
As an application to the ANN interpolator, we generated and com- 
pared the light curve of an RRab star ‘EZ Cnc’ or ‘EPIC 212182292’ 
with the observed light curve. It is a non-Blazko RRab variable 
star which has been observed extensively in both photometric and 
spectroscopic observing regimes. Wang et al. ( 2021 ) used 55 high- 
quality Large Sky Area Multi-Object Fiber Spectroscopic Telescope 
(LAMOST; Luo et al. 2015 ) spectra of medium resolution to deter- 
mine the atmospheric parameters ( T eff , log g , and [M/H]). Starting 
from these parameters, they generated a grid of theoretical models 
using MESA, applying the time-dependent turbulent conv ectiv e 
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Figure 10. The graph presents a histogram of the distance modulus calculated through the Wesenheit index. The left side shows the distribution of the distance 
modulus for stars in the LMC, while the right side displays the distribution for the SMC. In each plot, on the top left corner, a box lists the weighted average 
distance modulus and the number of stars ( N ) considered after outliers were remo v ed using a 5 σ threshold in sigma clipping. 
not available with photometric data. Hence, a fine grid of models is 
required to pin down the physical and atmospheric parameters of the 
star. 

We generated a fine grid of light curve templates in both I and V 
bands using the trained interpolators. The choice of input parameters 
for the new grid is limited by the parameter space of the original grid 
of models. We choose a finer and more uniform grid than the original 
models. We generated the grid for three helium abundance ratios Y 
= 0.245, 0.25, and 0.265 and four dif ferent Z v alues ranging from 
metal-poor to metal-rich stars. For any combination of Y and Z , the 
hydrogen abundance ratio ( X ) can be calculated using X = 1 − Y −
Z . Mass ( M ) varies from 0.52 to 0 . 79 M ", with a constant step size 
of 0 . 03 M ". The luminosity parameter log ( L/ L ") varies from 1.54 
to 2.02 dex, with a step size of 0.04 dex, the ef fecti ve temperature 
( T eff ) ranges from 5300 to 7000 K with a step size of 100 K. The 
period of an RRL is closely related to its temperature, luminosity, 
and mass van Albada & Baker ( 1971 ). The van Albada-Baker (vAB) 
relation describes this relationship. We have used a modern version 
of the vAB relation, which includes the effect of metallicity on the 
pulsation period, from Marconi et al. ( 2015 ). We used the relation 
for the fundamental mode RRLs. 
log P = −(0 . 58 ± 0 . 02) log ( M 

M "
)

+ (0 . 860 ± 0 . 003) log ( L 
L "

)

− (3 . 40 ± 0 . 03) log ( T eff ) + (0 . 013 ± 0 . 002) log ( Z) 
+ (11 . 347 ± 0 . 006) . (13) 

We end up with a grid of 37 800 individual parameter combinations 
for which the template light curves are generated in the I and V 
bands using the interpolators. Fig. 12 represents the distribution of 
Marconi et al. ( 2015 ) parameter space with the new grid parameters 
that we have computed (see Table 9 for the parameter ranges). A 
complete distribution of all parameters is shown in Fig. A1 . The 
light curve templates of six random models of the new grid are 
shown in Fig. 13 in both I and V bands. We observe that the predicted 
light curv es e xhibit the same structure and features as an RRab light 
curve. Ho we ver, for certain combinations of the input parameters, 

the predicted light curve may not resemble an RRab light curve. The 
reason for this can be traced back to the scarcity of models in this 
region of the training dataset or the lack of stable RRab stars with 
these combinations of physical parameters. 
7  SUMMARY  
We present a new technique to generate the light curve of RRab 
models in different photometric bands using ANN. We built and 
trained an artificial neural network for interpolating the light curve 
within a pre-computed grid of models. The ANN has been trained 
with the physical parameters-light curve grid. We used the models 
generated by Marconi et al. ( 2015 ) and used in Das et al. ( 2018 ), 
which were computed by solving the hydrodynamical conservation 
equations simultaneously with a nonlocal, time-dependent treatment 
of conv ectiv e transport (Stellingwerf 1982 ; Bono & Stellingwerf 
1994 ; Bono, Castellani & Marconi 2000a ; Marconi 2009 ). For the 
validation of the trained interpolators, light curves for a few new 
models were generated and then compared with the ANN predicted 
light curves. 

The architecture of the neural network is tuned using the I - 
band light curves. A random search for the hyperparameters is 
performed within a grid of inferred hyperparameter combinations. 
The architecture and trained weights of the best-performing network 
are then adopted for making the final interpolators in I and V bands. 

As an application of the trained interpolators, we generated and 
compared the light curves of the RRab stars in the Magellanic clouds 
(LMC/SMC). The physical parameters [ M / M ", log ( L/ L ") , T eff ] of 
RRab stars in LMC and SMC are adopted from Bellinger et al. 
( 2020 ). Z is calculated from the metallicity estimates provided by 
Skowron et al. ( 2016 ) and X = 1 − Y − Z ; is calculated using a 
fixed primordial helium abundance ( Y = 0.245). Lastly, the period is 
determined from the observed light curve using the ‘Lomb–Scargle’ 
method. The interpolators are then used to predict the light curve 
from the given physical parameters. Both observed and predicted 
light curves are then fitted with a Fourier sine series (see equation 6 ) 
with N = 5. The comparison of ANN predicted amplitudes, Fourier 
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